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Abstract. Given an acyclic representation a of the fundamental group of a compact oriented odd- 
dimensional manifold, which is close enough to an acyclic unitary representation, we define a refinement 
T a of the Ray-Singer torsion associated to a, which can be viewed as the analytic counterpart of the 
refined combinatorial torsion introduced by Turaev. T a is equal to the graded determinant of the odd 
signature operator up to a correction term, the metric anomaly, needed to make it independent of the 
choice of the Riemannian metric. 

T a is a holomorphic function on the space of such representations of the fundamental group. When 
a is a unitary representation, the absolute value of T a is equal to the Ray-Singer torsion and the phase 
of T a is proportional to the ^-invariant of the odd signature operator. The fact that the Ray-Singer 
torsion and the Tj-invariant can be combined into one holomorphic function allows to use methods of 
complex analysis to study both invariants. In particular, using these methods we compute the quotient 
of the refined analytic torsion and Turaev's refinement of the combinatorial torsion generalizing in this 
way the classical Cheeger-Miiller theorem. As an application, we extend and improve a result of Farber 
about the relationship between the Farber- Turaev absolute torsion and the ^-invariant. 

As part of our construction of T a we prove several new results about determinants and fj-invariants 
of non self-adjoint elliptic operators. 
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1. Introduction 

In this paper we refine the analytic torsion which has been introduced by Ray and Singer 33 . In 
our set-up we are given a complex flat vector bundle E — > M over a closed oriented odd-dimensional 
manifold M and we denote by V the flat connection on M . Whereas the Ray-Singer torsion T RS (V) is 
a positive real number, the proposed refined analytic torsion T — T(S7) will be, in general, a complex 
number, hence will have a nontrivial phase. The refined analytic torsion can be viewed as an analytic 
analogue of the refined combinatorial torsion, introduced by Turaev |4(JI I41j and further developed by 
Farber and Turaev [181 ITU] . Though T is not equal to the Turaev torsion in general, the two torsions are 
very closely related, as described in Section ITU 

Definition. In this paper the refined analytic torsion is defined for an open set of acyclic flat connections, 
which contains all acyclic Hermitian connections (see jZj, where we extend this definition to arbitrary 
flat connections). If dimM = 1 (mod 4) or if the rank of the bundle E is divisible by 4, then the refined 
analytic torsion T — T(V) is independent of any choices. If dimAf = 3 (mod 4) then T(V) depends, in 
addition, on the choice of a compact oriented manifold N, whose oriented boundary is diffeomorphic to 
two disjoint copies of M, but only up to a factor i k ^ kE (fe g Z). 

Relation to the rj-invariant and the Ray-Singer torsion. If the connection V is Hermitian, i.e., if there 
exists a Hermitian metric on E which is preserved by V, then the refined analytic torsion T is a complex 
number whose absolute value is equal to the Ray-Singer torsion and whose phase is determined by the 
77-invariant of the odd signature operator. When V is not Hermitian, the relationship between the refined 
analytic torsion, the Ray-Singer torsion, and the 77-invariant is slightly more complicated, cf. Section 112*1 

Analytic property. One of the most important properties of the refined analytic torsion is that it depends, 
in an appropriate sense, holomorphically on the connection V. The fact that the Ray-Singer torsion 
and the 77-invariant can be combined into one holomorphic function allows to use methods of complex 
analysis to study both invariants. In particular, using these methods we establish a relationship between 
the refined analytic torsion and Turaev's refinement of the combinatorial torsion which generalizes the 
classical Cheeger-Miiller theorem about the equality between the Ray-Singer and the combinatorial torsion 
|14l 131 j . As an application, we generalize and improve a result of Farber about the comparison between 
the sign of the Farber- Turaev absolute torsion and the 77-invariant, 16 j. In fact, we compare the phase 
of the Turaev torsion and the 77-invariant in a more general set-up. 

Regularized determinant. Our construction of the refined analytic torsion uses determinants of non self- 
adjoint elliptic differential operators. In Section 0] and Appendix 1X1 we prove several new results about 
these determinants which generalize well known facts about determinants of self-adjoint differential op- 
erators. In particular, we express the determinant of a (not necessarily self-adjoint) operator D in terms 
of the determinant of D 2 , the value at of the function of D 2 , and the ?7-invariant of D. Note that the 
77-invariant of a non-self-adjoint operator was defined and studied by Gilkey |20| . In this paper we use a 
sign refined version of Gilkey 's construction, cf. Definition ^. 21 

Related works. In |4UI I41| , Turaev constructed a refined version of the combinatorial torsion and posed 
the problem of constructing its analytic analogue, see also [*""""| §10.3]. More precisely, one can ask if it 
can be defined in terms of regularized determinants of elliptic differential operators and, if so, whether 
the phase is related to the 77-invariant of these differential operators. In the present paper we show that 
on the open neighborhood of the set of acyclic Hermitian connection, where the proposed refined analytic 
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torsion T(V) is denned, T(V) solves this problem. In we extend the notion of refined analytic torsion 
to the set of all flat connections. 

In addition to the works of Turaev |4(J1 |4"T] and Farber-Turaev ^1 on their refined combinatorial 
torsion and the relation of its absolute value to the Ray-Singer torsion |41II19| as well as the study of its 
phase |16j . we would like to mention a recent paper of Burghelea and Haller, 12 . In that paper, among 
many other topics, the authors address the question if the Ray-Singer torsion T (V) can be viewed 
as the absolute value of a (in an appropriate sense) holomorphic function /(V) on the space of acyclic 
connection V. 

Burghelea and Haller gave an affirmative answer to this question and showed that 

T RS (V) = |/i(V)-/ 2 (V)|, (1.1) 

where /i(V) is Turaev's refinement of the combinatorial torsion and /a(V) is an explicitly calculated 
holomorphic function. 1 The result of Burghelea and Haller is valid for manifolds of arbitrary dimension. 
If the dimension of the manifold is odd, the refined analytic torsion proposed in this paper allows to obtain 
an analogue of Ql.lfl . In contrast to J2]> the holomorphic function on the right hand side of equality 
(|1.1|) is constructed in this paper in purely analytic terms, cf. Theorem ll2.8l The quotient between the 
Ray-Singer torsion and the absolute value of Turaev's refinement of the combinatorial torsion is discussed 
in Section ITU 

In response to a first version of our paper, Dan Burghelea kindly brought to our attention his ongoing 
project with Stefan Haller where they consider, among other things, Laplace-type operators acting 
on forms obtained by replacing a Hermitian scalar product on a given complex vector bundle by a 
non-degenerate symmetric bilinear form. These operators are non self-adjoint and have complex-valued 
zeta-regularized determinants. Burghelea and Haller then express the square of the Turaev torsion in 
terms of these determinants and some additional ingredients. 

The results of this paper were announced in [Sj. 

2. Summary of the Main Results 

Throughout this section M is a closed oriented manifold of odd dimension dim M = d = 2r — 1 and E 
is a complex vector bundle over M endowed with a flat connection V. 

2.1. The odd signature operator. The refined analytic torsion is defined in terms of the odd signature 
operator, hence, let us begin by recalling the definition of this operator. 

Let ft* (M, E) denote the space of smooth differential forms on M with values in E and set 

r-l 

fl cvcn {M,E) = 0ft 2p (M,£), 

where r = dim ^ +1 . Fix a Riemannian metric g M on M and let * : fi*(M, E) -> Q rf "*(M, E) denote the 
Hodge ^-operator. The chirality operator T : tt m (M,E) — > f2 d ~*(M, E) is then given by the formula, cf. 
E §3.2], 

Tlo ■= f (-i) fe (fc+i)/2 * Wj toen k {M,E). 

The odd signature operator B = B(V,g M ) : fT(M, E) -> Cl*(M,E) is defined by 

B := FV + VT. 



Note that, in the case when the dimension of the manifold is odd, 11.11 is similar to our Theorcm ll 4.31 
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It leaves Q even (M, E) invariant. Denote its restriction to Q cvcn (M, E) by S even . Then, for uj e Q 2p (M, E), 
one has 

buj = i r (-iy +1 ( * v-v * )u e n d - 2p -\M,E) e n d - 2p+1 (M,E). 

The odd signature operator was introduced by Atiyah, Patodi, and Singer, [3J p. 44], p. 405], and, 
in the more general setting used here, by Gilkey, [201 P- 64-65]. 

The operator B ovcn is an elliptic differential operator of order one, whose leading symbol is symmetric 
with respect to any Hermitian metric h E on E. 

In this paper we define the refined analytic torsion in the case when the pair (V,g M ) satisfies the 
following simplifying assumptions. The general case will be addressed elsewhere. 

Assumption I. The connection V is acyclic, i.e., 

Im(V|nk-i(M,B)) = Ker(V|nk(M,B))) for every k = 0,...,d. 

Assumption II. B even = f? even (V , g M ) is bijective. 

Note that if V is a Hermitian connection then Assumption I implies Assumption II, cf. Subsection ltj.6l 
Hence, all acyclic Hermitian connections satisfy Assumptions I and II. By a simple continuity argument, cf. 
Proposition ltj.8l these two assumptions are then satisfied for all flat connections in an open neighborhood 
(in C°-topology, cf. Subsection 16. 7fl of the set of acyclic Hermitian connections. 

2.2. Graded determinant. Set 

Q%(M,E) := Ker(Vr) n fl k (M,E), Sl k L(M,E) := Ker(rV) H Q k (M,E). (2.1) 

Assumption II implies that n k (M,E) = (M, E) © (M, E) , cf. SubsectionES Hence. l(2~T|> defines 
a grading on £l k (M, E) . 

Define fl^ en (M,E) = 0p=o ^± (M, E) and let S± en denote the restriction of B cvcn to n<£ cn (M,E). 
It is easy to see that B evcn leaves the subspaces f2§y on (M, E) invariant and it follows from Assumption II 
that the operators £± on : Q± cn (M, E) -> VL^ cn {M, E) are bijective. 

One of the central objects of this paper is the graded determinant of the operator B cvcn . To construct 
it we need to choose a spectral cut along a ray Rg = {pe l6 : < p < oo}, where S [—it, it) is an Agmon 
angle for B cvcn , cf. Definition 13.41 Since the leading symbol of B cvcn is symmetric, B cvcn admits an 
Agmon angle £ (— tt, 0). Given such an angle 9, observe that it is an Agmon angle for B^ vcn as well. 
The graded determinant of Seven is the non-zero complex number defined by the formula 

Det gr ,,(i?even) == D ^^ven) (22) 
Det6)(--«even) 

By standard arguments, cf. Subsection 13.101 Det gr e(i?cven) is independent of the choice of the Agmon 
angle 6 G (-7r,Q). 

2.3. A convenient choice of the Agmon angle. For IcMwe denote by L% the solid angle 

Li = {pe id : < p < oo, 9 el}. 

Though many of our results are valid for any Agmon angle 9 £ (— 7r,0), some of them are easier 
formulated if the following conditions are satisfied: 
(AGl) 9 G (-7r/2,0), and 

(AG2) there are no eigenvalues of the operator Seven in the solid angles i(_ ff /2,e] and L^^e+ir]- 



REFINED ANALYTIC TORSION 



5 



For the sake of simplicity of exposition, we will assume that 9 is chosen so that these conditions are 
satisfied throughout the Introduction. Since the leading symbol of B cvcn is symmetric (with respect to 
an arbitrary Hermitian metric on E), such a choice of 9 is always possible. 

2.4. Relationship with the Ray-Singer torsion and the ^-invariant. For a pair (V,g M ) satisfying 
Assumptions I and II set 

{ = t(V, 9 M ,e) := \ £(-l)*&(0, (rV) 2 !^^), (2.3) 

fe=0 

where C2e( s ' (^^) 2 |o fc (m e) ) ^ s ^ e derivative with respect to s of the (^-function of the operator 
(^^ 7 ) 2 |n fc (me) corres P on ding to the spectral cut along the ray R 2 g, cf. Subsection 13.51 and 9 is an 
Agmon angle satisfying (AG1)-(AG2). 

Let T] = rj(V, g M ) denote the (sign refined) ^-invariant of the operator B e ven(V, g M ), cf. Definition ^. 21 
Theorem 17. 21 implies that, 

Det gl , e (S ovcn ) = e «v,* M ,«) . e --n(v, 9 -). (2 4) 

This representation of the graded determinant turns out to be very useful, e.g., in computing the metric 
anomaly of Det gr; e(£? 0V cn)- 

If the connection V is Hermitian, then l|2.3|l coincides with the well known expression for the logarithm 
of the Ray-Singer torsion T RS = T RS (V). Hence, for a Hermitian connection V we have 

£(V, 3 M ,0) = logT RS (V). 

If V is not Hermitian but is sufficiently close (in C°-topology) to an acyclic Hermitian connection, then 
Theorem 18 . 21 states that 

logT RS (V) = Re£(V, ff M ,0). (2.5) 
Combining l|2.5|l and l|2.4|l . we get 

| Det gI , (B cvcn ) | - T RS (V) ■ e "to'7(v, S M ). ( 2 . 6 ) 

If V is Hermitian, then the operator i? C vcn is self-adjoint (cf. Subsection 16. 6[) and rj = rj(V ,g M ) is real. 
Hence, cf. Corollary 18. 31 for the case of an acyclic Hermitian connection we obtain from (|2.6() 

| Det gr , e (Seven) I = T RS (V). 

2.5. Metric anomaly of the graded determinant. The graded determinant of the odd signature 
operator is not a differential invariant of the connection V since, in general, it depends on the choice of 
the Riemannian metric g . Hence, we first investigate the metric anomaly of the graded determinant 
and then use it to "correct" the graded determinant and construct a differential invariant - the refined 
analytic torsion. 

Suppose an acyclic connection V is given. We call a Riemannian metric g M on M admissible for V 
if the operator £? C vcn = B CVCD (V, g M ) satisfies Assumption II of Subsection 12.11 We denote the set of 
admissible metrics by A4(V). The set A^(V) might be empty. However, Proposition 16.81 implies that 
admissible metrics exist for all fiat connections in an open neighborhood (in C°-topology) of the set of 
acyclic Hermitian connections. 

For each admissible metric g M G A^V) choose an Agmon angle 9 satisfying (AG1)-(AG2). Then the 
reduction of £(V, g M , 9) modulo 7rZ depends neither of the choice of 9 nor on the choice of g M £ A^(V), 
cf. Proposition 19. 71 
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The dependence of r\ — rj{V,g M ) on g M has been analyzed in |H] and [201 - ^ n particular, it follows 
from the results in these papers that (cf. Proposition ^. 4|) 

• 7/dimM = 1 (mod 4) then the reduction of r](\/,g M ) modulo Z is independent of the choice of 
the admissible metric g M ; 

• Suppose dim M = 3 (mod 4) and let N be a compact oriented manifold whose oriented boundary is 
diffeomorphic to two disjoint copies of M ( since dim M is odd, such a manifold always exists, cf. 
|42| . |j36, Th. IV.6.5JJ. Denote by L(p) = Lpj(p) the Hirzebruch L-polynomial in the Pontrjagin 
forms of a Riemannian metric on N which is a product near dN = M U M . Then, modulo 7L, 

i] — — - — / L{p) and, hence, Ivan 
2 J N 

are independent of the choice of the metric on N. Note that for different choices of N satisfying 
dN = MUM the integral J N L(p) differs by an integer. 

2.6. Definition of the refined analytic torsion. The refined analytic torsion T(V) corresponding to 
an acyclic connection V, satisfying VW(V) ^ 0, is defined as follows: fix an admissible Riemannian metric 
g M e M(V) and let 6 £ (-7T, 0) be an Agmon angle for B cvcn (V , g M ). 
(i) // dim M = 1 (mod 4) then 

T(V) - T[M,E, V) := Det gI , e (S CVC „(V, g M )) € 



(ii) If dim M = 3(mod4) choose a smooth compact oriented manifold N whose oriented boundary is 
diffeomorphic to two disjoint copies of M . Then 

T(V) = T(M,E,V,N) := Det gI , e (B cvcn ) • exp ( in J i(p)J G C\0. 

If V is close enough to an acyclic Hermitian connection, then .M(V) ^ and, it follows from the 
discussion of the metric anomaly of the graded determinant of B cvcn in Subsection 12. 51 T(V) is indepen- 
dent of the choice of the admissible metric g M . Moreover, as Det grj e(i? ven) is independent of the choice 
of the Agmon angle 9 £ (— 7r,0), so is T(V). However, if dimM = 3(mod4), then the refined analytic 
torsion does depend on the choice of the manifold N. The quotient of the refined torsions corresponding 
to different choices of N is a complex number of the form i k lankE (fc g Z). Hence, if ranki? is even then 
T(V) is well defined up to a sign, and if vankE is divisible by 4, then T(V) is a well defined complex 
number. (Here a quantity being well defined means that it depends only on M , E and V.) 

A simple example in Subsection lf 0.2l shows that even when the connection V is Hermitian, the refined 
analytic torsion can have an arbitrary phase. 

2.7. Comparison with the Ray-Singer torsion. The equality (|2.ti|l implies that, if V is C°-close to 
an acyclic Hermitian connection, then 

log |Swy = 7rImr?(v ' 5M) (2J) 

In particular, if V is an acyclic Hermitian connection, then 

|T(V) I = T RS (V). 

Theorem 112.81 provides a local expression for the right hand side of (|2.7|) . Following Farber, [16|. we 
denote by Arg v the unique cohomology class Arg v e H 1 (M,C/Z) such that for every closed curve 
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7 £ M we have 

det(Mon v (7)) = exp ( 27ri(Arg v , [7]) ) , 

where Monv(7) denotes the monodromy of the fiat connection V along the curve 7 and (•, •) denotes the 
natural pairing H X (M, C/Z) x H X {M, Z) -> C/Z. Theorem lT2~£l states that, if V is C°-close to an acyclic 
Hermitian connection, then 



If dimM = 3 (mod 4), then L(p) has no component of degree dimM— 1 and, hence, |T(V)| = T RS (V). 

2.8. The refined analytic torsion as a holomorphic function on the space of representations. 

One of the main properties of the refined analytic torsion T(V) is that, in an appropriate sense, it depends 
holomorphically on the connection. Note, however, that the space of connections is infinite dimensional 
and one needs to choose an appropriate notion of a holomorphic function on such a space. A possible 
choice is explained in Subsection 113. ll As an alternative one can view the refined analytic torsion as a 
holomorphic function on a finite dimensional space, which we shall now explain. 

The set Rep(7Ti(M), C n ) of all n-dimensional complex representations of m(M) has a natural structure 
of a complex algebraic variety, cf. Subsection ll3.6l Each representation a £ Rep(7Ti(M), C") gives rise to 
a vector bundle E a with a flat connection V Q , whose monodromy is isomorphic to a, cf. Subsection ll3.6l 
Let Repo(7Ti(M), C") c Rep(7Ti(M), C") denote the set of all representations a £ Rep(7Ti(M), C") such 
that the connection V Q is acyclic. We also denote by Rep" (711 (M), C n ) C Rep(7Ti(M), C n ) the set of all 
unitary representations and set Rep£ (wi(M), C n ) = Rep u (vri(M), C" ) n Rep (7Ti(M), C n ). 

Denote byVC Repo(7Ti(M), C") the set of representations a for which there exists a metric g M so that 
the odd signature operator B even (V,g M ) is bijective (i.e., Assumption II of Subsection l2.1l is satisfied). It 
is not difficult to show, cf. Subsection ll3.7l that V is an open neighborhood of the set Rep^ (wi(M), C") 
of acyclic unitary representations. 

For every a £ V one defines the refined analytic torsion T a :— T(V a ). Corollary II 3 .111 states that the 
function a T a is holomorphic on the open set of all non-singular points of V. 

2.9. Comparison with Turaev's torsion. In Turaev introduced a refinement T™ mb (e, 0) 
of the combinatorial torsion associated to a representation a of 7Ti(M). This refinement depends on an 
additional combinatorial data, denoted by e and called the Euler structure as well as on the cohomological 
orientation of M, i.e., on the orientation of the determinant line of the cohomology H*(M, R) of M. 
There are two versions of the Turaev torsion - the homological and the cohomological one. In this paper 
it turns out to be more convenient to use the cohomological Turaev torsion as it is defined in Section 9.2 of 
Q1]. For a £ Rep (7Ti(M), C n ) the cohomological Turaev torsion T= omb (e, 0) is a non- vanishing complex 
number. 

Theorem 10.2 of computes the quotient of the Turaev and the Ray-Singer torsions. Combined 
with l|2.8|) this result leads to the following equality (cf. Subsection 1 1 4. 4fl : 

Let c(e) £ Hi(M, Z) be the characteristic class of the Euler structure e, cf. 01] or Section 5.2 of |19|. 
Denote by L(p) £ H,(M,Z) the Poincare dual of the cohomology class and let L% £ H\(M, Z) be 

the component of L(p) in H\(M, Z). Then there exists an open neighborhood V C V of RepQ (tti(M ), C n ) 
such that for every a £ V 



log 



|r(v)l 

T-RS(v) 



7T 



<[L(p)]UlmArg V) [M]>. 



(2.8) 



2 



e 



-27ri(Arg Q ,c(e)+L 1 ) 



(2.9) 



T™ mb (e,o) 



8 



MAXIM BRAVERMAN AND THOMAS KAPPELER 



where Arg Q := Arg Va £ H 1 (M, C/Z) is as in Subsection 12.71 and (•, •) denotes the natural pairing 
H l (M,C/Z) x Hi(M,Z) -> C/Z. 

Let £ denote the set of singular points of the complex analytic set Rep(n 1 (M), C"). By Corollarv ll3.11l 
the refined analytic torsion T a is a non- vanishing holomorphic function of a € V\£. By the very con- 
struction the Turaev torsion is a non- vanishing holomorphic function of a £ Repo(7Ti(M), C"). 
Hence, (T a /T™ mb ) 2 is a holomorphic function on V'\E. By construction of the cohomology class 
Arg Q , for every homology class z £ _ffi(M, Z), the expression e 27r ^ Ars °' z ^ is a holomorphic function 
on Rep( 7 ri(Af),C Tl ). 

If the absolute values of two non-vanishing holomorphic functions are equal on a connected open set 
then the functions must be equal up to a factor <fi £ C with \4>\ = 1. This observation and 1)2. 9JI lead to 
the following generalization of the Cheeger-Miiller theorem, cf. Theorem ll4.5l 

Theorem 2.10. For each connected component C of V' , there exists a constant <pc = fcfe") G 
depending on e and o, such that 

= e #C v / p -27r l (Arg Q , C ( £ )+L 1 ) ( 2 IQ) 

where is the analytic square root defined in l|14.7f) . 

2.11. Application: Phase of the Turaev torsion of a unitary representation. We denote the 
phase of a complex number z by Ph(z) £ [0, 2it) so that z = |z|e iPh ( z - ) . Set r\ a := rj(V a , g M ). 

Suppose ai, 012 £ RepQ(7Ti(M), C") are unitary representations which lie in the same connected com- 
ponent of V' , where V C V is the open neighborhood of RepQ(7Ti(M), C") defined in Subsection l2.9l As 
an application of l|2.10|l one obtains, cf. Theorem 114. 101 that, modulo 7rZ, 

Ph(T™ mb ( £ , o)) + tt Vai - tt ( Arg ai , c(e) + L x ) 

= Ph(T- mb ( £ ,o))+7r ??ct2 -7r(Arg ct2 , C ( £ )+2 1 ). (2.11) 

2.12. Sign of the absolute torsion and a theorem of Farber. Suppose that the Stiefel- Whitney 
class Wd-i(M) £ H d ~ 1 (AI, Z2) vanishes (this is always the case when dimM = 3 (mod 4), cf. |3U| ) . 
Then one can choose an Euler structure e such that c(e) = 0, cf. 18, §3.2]. Assume, in addition, that the 
first Stiefel- Whitney class ^(-Eq,), viewed as a homomorphism Hi(M, Z) — > Z2, vanishes on the 2-torsion 
subgroup of Hi(M, Z). In this case there is also a canonical choice of the cohomological orientation 0, cf. 
[181 §3.3]. Then the Turaev torsions T™ mb (e, 0) corresponding to different choices of e with c(e) = and 
the canonically chosen will be the same. 

If the above assumptions on Wd-i(M) and wi{E a ) are satisfied, then the number 

T abs ;= T comb (£;0) G Cj (c(£) = Q)) 

is canonically defined, i.e., is independent of any choices. It was introduced by Farber and Turaev, 
[T5] . who called it the absolute torsion. If a £ Rep£(7Ti(M), C"), then T^ bs £ R, cf. Theorem 3.8 of 
[T%] , In Subsection 114. 1 II we show that, under the above assumptions, (|2.11|) implies that if ai, a-i £ 
Rep^ (7Ti(M), C") are unitary representations which lie in the same connected component of V then the 
following statements hold: 

(i) in the case dimM = 3 (mod 4) 

sign(T Q abs )-e m '- = sign(T Q abs ).e^-. 
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(ii) in the case dimM = 1 (mod A) 

sign(T abs ) • e " r (' ?Q i - ( [L(p)IuArg < : "i' [M]> ) = sign(T abs ) • e" 1 ^ ic, 2 -([L( P )]uAr Sa2 ,[M]) ) _ 

For the special case when there is a real analytic path a t of unitary representations connecting ct\ 
and a.2 such that the twisted deRham complex (|6.4(l is acyclic for all but finitely many values of t, 
Theorem 114. 121 was established by Farber, using a completely different method, 2 see JB]; Theorems 2.1 
and 3.1. 

3. Preliminaries on Determinants of Elliptic Operators 

In this section we briefly review the main facts about the ^-regularized determinants of elliptic op- 
erators. At the end of the section (cf. Subsection I3.11|) we define a sign-refined version of the graded 
determinant - a notion, which plays a central role in this paper. 

3.1. Setting. Throughout this paper let E be a complex vector bundle over a smooth compact manifold 
M and let D : C°° (M, E) — > C°° (M, E) be an elliptic differential operator of order m > 1. Denote by 
<j(D) the leading symbol of D. 

3.2. Choice of an angle. Our aim is to define the ^-function and the determinant of D. For this we 
will need to define the complex powers of D. As usual, to define complex powers we need to choose a 
spectral cut in the complex plane. We will restrict ourselves to the simplest spectral cuts given by a ray 

Re = {pe ie : < p < oo }, < 9 < 2tt. (3.1) 

Consequently, we have to choose an angle 9 € [0, 2ir). 

Definition 3.3. The angle 9 is a principal angle for an elliptic operator D if 

spec (ct(.D) (a;, 0) H R g = 0, for all x G M, £ £ T*M\{0}. 

If I C M we denote by Lj the solid angle 

Li = {pe ie : 0<p<oo,9el}. 

Definition 3.4. The angle 9 is an Agmon angle for an elliptic operator D if it is a principal angle for 
D and there exists e > such that 

spec(D) n L [e _ sM+s] = 0. 

3.5. ^-function and determinant. Let 9 be an Agmon angle 3 for D. Assume, in addition, that D is 
injective. In this case, the £-function £ g (s,D) of D is defined as follows. 
Since D is invertible, there exists a small number po > such that 

spec (D) n { z € C; \z\ <2p } = 0. 

Define the contour V = Tg, Po c C consisting of three curves T = Ti U T2 U I^, where 

ri = { pe tf> : oo > p > po }, T 2 = { p e la : 9 < a < 9 + 2v }, 

T 3 = {pe l(e+2T) : po <P<oo}. (3.2) 

2 Note that Farber's definition of the ^-invariant differs from ours by a factor of 2 and also that the sign in front of 
([L(p)] U Arg ai , [M]) is wrong in [EJ. 

3 The existence of an Agmon angle is an additional assumption on D, though a very mild one. In particular, if D 
possesses a principal angle it also possesses an Agmon angle, cf. the discussion in Subsection 13, lOl 
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For Res > QSlM.^ the operator 



2- 



Dg s = ±- I \~ S (D - A) -1 dX (3.3) 



»:P0 



is a pseudo-differential operator with continuous kernel Dg S (x, y), cf. pF? 38 . In particular, the operator 
Dg S is of trace class. When the angle 9 is fixed we will often write D~ s for Dg S . 
We define 

(e(s,D) = TrD e s = [ tr D e s {x, x) dx, Res > dlmM , (3.4) 
Jm m 

It was shown by Seeley [37] (see also that (e(s, D) has a meromorphic extension to the whole complex 

plane and that is a regular value of (e(s, D). 

More generally let Q be a pseudo-differential operator of order q. We set 

Q(s,Q,D) = TvQD e s , Res > (q + dim M)/m. (3.5) 

This function also has a meromorphic extension to the whole complex plane, cf. (451 §3.22], [231 Th- 2.7], 
and [23]. Moreover, if Q is a 0-th order pseudo-differential projection, i.e. a 0-th order pseudo-differential 
operator satisfying Q 2 = Q, then by §7], g^l (see also 01221), G(s,Q,D) is regular at 0. 

Definition 3.6. The (^-regularized determinant of D is defined by the formula 

Det e (D) := exp ( -^L =0 Ce(s, D) ^ . (3.6) 

Roughly speaking, (|3.6|l says that the logarithm logDetg(_D) of the determinant of D is equal to 
— (' d (0,D). However, the logarithm is a multivalued function. Hence, log Dote (D) is defined only up to a 
multiple of 2ni, while — Cg(0, D) is a well defined complex number. We denote by LDetg(Z?) the particular 
value of the logarithm of the determinant such that 

LDet e (i}) = -Ce(0,D)- (3.7) 

Let us emphasis that the equality l|3.7(l is the definition of the number LDetg(Z?). 
We will need the following generalization of Definition 13.61 

Definition 3.7. Suppose Q is a 0-th order pseudo-differential projection commuting with D. Then 
V := ImQ is a D invariant subspace of C°° (M , E). The ^-regularized determinant of the restriction D\v 
of D to V is defined by the formula 

Betg(D\ v ) := e LDcts(D ^\ (3.8) 

where 

LDet fl (U|v) = -^- s \ 8=Q Ce(s,Q,D). (3.9) 

Remark 3.8. From the representation of Q(s,Q,D) for Res > dl " M by the eigenvalues of D\y, cf. 
(|3.14() below, it follows that the right hand side of (|3.9() is independent of Q except through Im(Q). 
This justifies the notation ~LDet$(D\v)- However, we need to know that V is the image of a 0-th order 
pseudo-differential projection Q to ensure that Cs(s, D) has a meromorphic extension to the whole s-planc 
with s = being a regular point. 
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3.9. Case of a self-adjoint leading symbol. Let us assume now that 

a(D)*(x,£) = a(D)(x,0, (x,Z)eT*M, (3.10) 

where cr(D)*(x,£) denotes the adjoint of the linear operator cr(D)(x,£) with respect to some fixed scalar 
product on the fibers on E. This assumption implies that D can be written as a sum D = D' + A where 
D' is a sclf-adjoint differential operator of order m and A is a differential operator of order smaller than 
rn . 

Though the operator D is not self-adjoint in general, the assumption l|3.10|l guarantees that it has nice 
spectral properties. More precisely, cf. §1-6], the space L 2 (M,E) of square integrable sections of E 
is the closure of the algebraic direct sum of finite dimensional D-invariant subspaces 



L 2 (M,E) = 0A fe (3.11) 

fc>i 

such that the restriction of D to A& has a unique eigenvalue Xk and linifc^oo |Afc| = oo. In general, the 
sum (l3~TT|) is not a sum of mutually orthogonal subspaces. 

The space A& are called the space of root vectors of D with eigenvalue Xk . We call the dimension of 
the space A& the (algebraic) multiplicity of the eigenvalue Xk and we denote it by rrik- 

Assume now that 9 is an Agmon angle for D. As, for Res > d ™ M the operator D^ s is of trace 
class, we conclude by Lidskii's theorem, |2B], |341 Ch. XI], that the £- function (|3.4|l is equal to the sum 
(including the algebraic multiplicities) of the eigenvalues of Dg S . Hence, 

oc oo 

Ce(s,D) = m k (h)g s = mk e~ sl ° gflAfc , (3-12) 

k=l k=l 

where log e (A) denotes the branch of the logarithm in C\Rg with 9 < Imlog e (A) < 9 + 2ir. 

3.10. Dependence of the determinant on the angle. Assume now that 9 is only a principal angle 
for D. Then, cf. (S3 EH], there exists e > such that spec (I?) n is finite and spec (cr(D)) (1 

= 0. Thus we can choose an Agmon angle 9' E (9 — e, 9 + e) for D. In this subsection we show 
that Detg'(-D) is independent of the choice of this angle 9' . For simplicity, we will restrict ourselves to 
the case when D has a self-adjoint leading symbol. 

Let 9" > 9' be another Agmon angle for D in (9 — e, 9 + e). Then there are only finitely many 
eigenvalues A ri , . . . , X ri of I? in the solid angle Lw^gm . We have 

flog>A fc , if k £ {r u ...,ri}; 

\oge„X k = { (3.13) 
I log e , A fc + 2m, if k E {ri,...,ri}. 



Hence 



/ 



CA0,D) - &,((), D) = |-| s=0 ^m r<e - sl ^'^)(l-e- 2 " s ) = 2ttz £ m n (3.14) 



and, by Definition 



i=l i=l 



Detg„{D) = DeV(.D). (3.15) 

Note that the equality l|3.15|l holds only because both angles 9' and 9" are close to a given principal 
angle 9 so that the intersection spec (D) n L^gi gn] is finite. If there are infinitely many eigenvalues of D 
in the solid angle Lig^gin then Detgn(D) and Detg'(-D) might be different. 
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3.11. Graded determinant. Let D : C°°(M,E) -> C°°(M,E) be a differential operator with a self- 
adjoint leading symbol. Suppose that Qj : C°°(M,E) -> C°°(M,E) (J = 0,...,d) are 0-th order 
pseudo-differential projections commuting with D. Set Vj ImQj and assume that 

d 

C™(M,E)=($V J . 

j=o 

Definition 3.12. Assume that D is injective and that 9 € [0, 2tt) is an Agmon angle for the operator 
(— iyD\vj, for every j = 0, . . . , d. The graded determinant Det gri e(-D) of D (with respect to the grading 
defined by the pseudo- differential projections Qj) is defined by the formula 

Bet gr . e (D) := e LDet **^ D \ (3.16) 

where 

d 

LDet gr , e (D) := £ (-1) J ; LDet* ( (-l) j D\ Vj ). (3.17) 
j=o 

The following is an important example of the above situation: Let E = ©j =0 Ej be a graded vector 
bundle over M. Suppose that for each j = 0, . . . , d, there is an injective elliptic differential operator 

D 3 : C^iM^Ej) — ► C°°(M,Ej), 

such that 9 £ [0, 27r) is an Agmon angle for (— iy Dj for all j = 0, . . . , d. We denote by 

d 

D = 0Dj-: C°°{M,E) — ► C°°(M,E) (3.18) 

3=0 

the direct sum of the operators Dj . Then (|3.17|) reduces to 

d 

LDetg,, fl (D) := £ LBetg ( ). (3.19) 

3=0 

4. The ^-invariant of a non Self-Adjoint Operator and the Determinant 

It is well known, cf. 1211021) that the phase of the determinant of a self-adjoint elliptic differential 
operator D can be expressed in terms of the ?y-invariant of D and the ^-function of D 2 . In this section 
we extend this result to non self-adjoint operators. 

Throughout this section we use the notation introduced in Section|31and assume that D : C°°(M, E) — > 
C°° (M, E) is an elliptic differential operator of order m with self-adjoint leading symbol, cf. Subsec- 
tion We also assume that is not in the spectrum of D. 

4.1. ^-invariant. First, we recall the definition of the ^-function of D for a non-self-adjoint operator, cf. 

Definition 4.2. Let 9 be an Agmon angle for D, cf. Dcfinition \3.J\ Using the spectral decomposition of 
D defined in Subsection \3.H we define the n-function of D by the formula 

RcA fc >0 ReA fc <0 
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Note that, by definition, the purely imaginary eigenvalues of D do not contribute to rje(s,D). 

It was shown by Gilkey, |20j . that 170(8, D) has a meromorphic extension to the whole complex plane 
C with isolated simple poles, and that it is regular at 0. Moreover, the number vg (0,D) is independent 
of the Agmon angle 9. 

Since the leading symbol of D is self-adjoint, the angles ±7r/2 are principal angles for D, cf. Defini- 
tion EH In particular, there are at most finitely many eigenvalues of D on the imaginary axis. 

Let m+ (respectively, m_) denote the number of eigenvalues (counted with their algebraic multiplici- 
ties, cf. Subsection 13. 9|l of D on the positive (respectively, negative) part of the imaginary axis. 



Definition 4.3. The rj-invariant rj(D) of D is defined by the formula 

~2 



r,(D) = w(0.- p ) + m +- m -. (4 .2) 



In view of (|3.13|) . r)(D) is independent of the angle 9. 

Let D(t) be a smooth 1-parameter family of operators. Then n(D(t)) is not smooth but may have 
integer jumps when eigenvalues cross the imaginary axis. Because of this, the 77-invariant is usually 
considered modulo integers. However, in this paper we will be interested in the number e l7TT, ( D \ which 
changes its sign when r](D) is changed by an odd integer. Hence, we will consider the ^-invariant as a 
complex number. 

Remark 4.4. Note that our definition of rj(D) is slightly different from the one suggested by Gilkey in 
|2l)|. In fact, in our notation, Gilkey's definition is rj(D) + m_. Hence, reduced modulo integers the 
two definitions coincide. However, the number e l7T71 ^ will be multiplied by (— l) m - if we replace one 
definition by the other. In this sense, Definition 14.31 can be viewed as a sign refinement of the definition 
given in |2()j . 

4.5. Relationship between the 77-invariant and the determinant. Since the leading symbol of D 
is self-adjoint, the angles ±7r/2 are principal for D. Hence, cf. Subsection 13. 11)1 there exists an Agmon 
angle 9 G (— tt/2,0) such that there are no eigenvalues of D in the solid angles £(_ jr /2,e] an d L(k/2,9+-k]- 
Then 29 is an Agmon angle for the operator D 2 . 

Theorem 4.6. Let D : C°°(M,E) — > C°°(M,E) be a bijective elliptic differential operator of order m 
with self-adjoint leading symbol. Let 9 G (— 7r/2,0) be an Agmon angle for D such that there are no 
eigenvalues of D in the solid angles Lt-^i^m and L^/ 2 ,e+7r] (hence, there are no eigenvalues of D 2 in 
the solid angle L/^^m). Then 4 



In particular, 



LDet 9 (£>) = ^ LDet 2e (£> 2 ) - tn (t?(£>) - ^(0, D 2 ) ) . (4.3) 
Det (D) = e -K^(o.° 2 ). e -^(^)-l^(o^ 2 )). (4.4) 



Remark 4.7. a. Let 9 be as in Theorem 14.61 and suppose that 9' G (— w, 0) is another angle such that 
both 9' and 9' + tt are Agmon angles for D. Then, by l|XTH) and lpTT5)l . 

Det fl /(D) = Det e (D), 

&o(0,D 2 ) = Cw>(0,D 2 ) mod27ri. (4 "" 



^Recall that we denote by LDetg(D) the particular branch of the logarithm of the determinant of D defined by formula 

(S3- 
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In particular, 

e -^C' 2e ,(o,D 2 ) = ±e -±C2 e (o,£> 2 ). ( 46 ) 

Clearly, (g 1 (0,D 2 ) = (g 2 (0,D 2 ) if there are finitely many eigenvalues of D 2 in the solid angle L^g 1 _g 2 y 
Hence, C, 2 e{0,D 2 ) = ( 20 ,(O,D 2 ). We then conclude from JOJ, g3J), and g^J that 

Det fl ,(Z>) = ie-i^P^.e^t'^-^), (4.7) 

In other words, for (|4.4() to hold we need the precise assumption on 9 which are specified in Theorem 14. 61 
But "up to a sign" it holds for every spectral cut in the lower half plane. 

b. If instead of the spectral cut Rg in the lower half-plane we use the spectral cut Rg+n in the upper 
half-plane we will get a similar formula 

LDet e+w (Z>) = ^LBct 29 (D 2 ) + tir ( r,{D) - ±C 29 (0, D 2 ) ) , (4.8) 

whose proof is a verbatim repetition of the proof of (|4.3|) , cf. below. 

c. // the dimension of M is odd, then the (^-function of an elliptic differential operator of even order 
vanishes at 0, cf. [SZj. In particular, ( 2 g(0, D 2 ) — 0. Hence, (14.3(1 simplifies to 

LDet e (£>) = i LDet 2e (£> 2 ) - iirrj(D). (4.9) 

Proof. Let n + and II_ denote the spectral projections of D corresponding to the solid angles £(-7r/2,7r/2) 
and i(7r/2.37r/2) respectively. Let P + and P_ denote the spectral projections of D corresponding to the 
rays i? T /2 and R-^/ 2 respectively (here we use the notation introduced in Set II± = II± + P±. 

Since D is injective Id = II + + II_. Clearly 

Ce(s,D) = Tr[fl + D 9 s ] + e-^Tr [n_(-£>) e - s ]; 
( 2 g(s/2,D 2 ) = Tr [fl + D g s ] + Tr [ft_ (-£>)-']. 

Hence, using the notation introduced in (|3.5|l . we obtain 

Ce(s,D) = (e( Sl U+,D) + e~™ s (g(s, n_, -D); 

(4.10) 

( 2 g(s/2,D 2 ) =(g(s,n+,D) + Cfl(a,n_,-£)). 

As, by assumption, the solid angles i(-7r/2,e] an d L(i l / 2 .g+ 7T ] do not contain eigenvalues of D, it follows 
that 

r,(s,D) = Tr [IMV] - Tr [IL_(-D)g s ] = (e(s,Il + ,D) - Ce(s,H-,-D). (4.11) 
Recall that the projectors P± have finite rank, which we denoted by m±, cf. Subsection 14. II Hence, 

( B (0,P±,±D) = rankP ± = m±. 
Combining this equality with l|4.11|l . and using (|4.2|) . we obtain 

m = teiO^D) - Q,(0,U-,-D) (412) 
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From and (jHEJ, we get 

Ce(0,D) = Ce(0,n+,^) + C5(0,fi-,--D) - i7rCe(0,fi_,-D) 

= 2^(0,^ ) - **( ~ 2 ~ 2 



\C 2S {^D 2 ) - mfyae&D 2 )-^)). (4.13) 



□ 



4.8. Determinant of a self-adjoint operator and the ^-invariant. If the operator D is, in addition, 
self-adjoint, then 17(D) and £20(0, -D 2 ) are real and the number Det2#(-D 2 ) is positive, cf. Corollary IA. 31 
in Section El Hence, formula (|4.4J) leads to 

|Det fl (D)| = v / Dct 2e (D2), (4.14) 

Ph(Det fl (D)) = -tt ( 77(D) - 1(^(0, £ 2 ) ) , mod 2tt, (4.15) 

where Ph (Detg(D)) denotes the phase of the complex number Dete(D). 

If D is not self-adjoint, (|4. 14|1 is not true in general, because the numbers LDet2g(-D 2 ), 77(D), and 
£20(0, D 2 ) need not be real. However, they are real and a version of (|4.14f) and l|4.15|l holds for a class of 
injective elliptic differential operators whose spectrum is symmetric with respect to the real axis. Though 
we will not use this result we present it in the Appendix E] for the sake of completeness. 



4.9. 77-invariant and graded determinant. Suppose now that D = 0J =O Dj as in (|3.18(l . Choose 
9 6 (— n/2,0) such that there are no eigenvalues of Dj in the solid angles L^_^/ 2 ,e] an d L^/ 2 .0+-k] f° r 
every < j < d. From the definition of the ?7-invariant it follows that 

Combining this equality with l|3.17fl and (|4.3fl we obtain 

LDet gr , e (D) = - ^(-1) J LDet 2e (D 2 ) - in (77(D) — - ^ (—l) j ( 2 e{0, D 2 ) ^ , (4.16) 

where 

d 

77(D) = £ v(Dj) 

is the 77- invariant of the operator D = ©j =0 Dj . 

Finally, note that, as in Remark l4~71 c. if the dimension of M is odd, then £20(0, D 2 ) =0, and (|4.1ti|) 
takes the form 

1 d 

LDet gr , (D) - - ^ (-l)J LDet 2fl (D 2 ) - mt??(D). (4.17) 

3=0 
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4.10. Generalization. All the constructions and theorems of this section easily generalize to operators 
acting on a subspace of the space C°°(M, E) of sections of E. 

Let D : C°°(M, E) — > C co (M, E) be an injective elliptic differential operator with a self-adjoint leading 
symbol. Let Q : C°°(M, E) — * C°° (M, E) be a 0-th order pseudo-differential projection commuting with 
D. Then V := ImQ C C°°(M,E) is a /^-invariant subspace. Hence, the decomposition (|3.11() implies 
that 

v = 0(A fe ny). 

fc>i 

and the restriction D\v of D to V has the same eigenvalues Ai, A2, ■ ■ ■ as I? but with new multiplicities 
m\ ,rn£ , . . .. Note, that now rn( > might vanish for certain i's. Let (respectively, m^) denote the 
number of eigenvalues (counted with their algebraic multiplicities) of D\y on the positive (respectively, 
negative) part of the imaginary axis. Set 

Ve(a,D\v) = E < (W " E < (" W> 

RcA fc >0 RcA fc <0 

r le {0,D\ v ) + mY r -m v _ 



(4.18) 



A verbatim repetition of the proof of Theorem 14.61 implies 

LBet e {D\ v ) = 1 LDet 2fl (£> 2 | v ) - «r (»j(D|v) - icae(0,D 2 |v)), (4-19) 
where we used the notation 

(2e(s,D 2 \ v ) = ( 2e ( s ,Q,D 2 ), (4.20) 

cf. (EHL 

Finally, suppose that y = © j =0 ^ s gi yen as m Definition 13.121 Then 

LDet gr , 9 (£l) - -E(-l) j LDet 2e (£>V.) - ( V (D) ~ - E (-1)^(0, D% ) ) . (4.21) 

Note, however, that an analogue of Ij4.17|l does not necessarily hold in this case even if dimM is odd, be- 
cause C26»(s, D 2 \vj ) defined by (|4.20(l . is not a ^-function of a differential operator and does not necessarily 
vanish at 0. 

5. Determinant as a Holomorphic Function 

In this section we explain that the determinant can be viewed as a holomorphic function on the space 
of elliptic differential operators. We also discuss some applications of this result, which will be used 
in Section 1131 to show that the refined analytic torsion is a holomorphic function and in Section [!|] for 
studying the dependence of the graded determinant on the Riemannian metric. 

5.1. Holomorphic curves in a Frechet space. Let £ be a complex Frechet space and let O C C be 

an open set. Recall (cf., e.g., jSSI Def. 3.30]) that a map 7 : O — > £ is called holomorphic if for every 
A £ O the following limit exists, 

lim 7( ^'T (A) - 

/j^A (J, — A 

We will refer to a holomorphic map 7 : O — > £ as a holomorphic curve in £. 

Let Z C £ be a subset of a complex Frechet space. By a holomorphic curve in Z we understand a 
holomorphic map 7 : — > £ such that 7(A) S Z for all A £ 0. 
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Suppose now that V C C™ is an open set. We call a map / : V — » Z holomorphic if for each 
holomorphic curve 7 : O — > V the composition / 07 : £) - > Z is a holomorphic curve in Z. Note that 
if Z = C then, by Hartogs' theorem (cf., e.g., |251 Th. 2.2.8]), the above definition is equivalent to the 
standard definition of a holomorphic map. 

5.2. The space of smooth functions as a Frechet space. The space C h °°(R d ) of bounded smooth 
complex- valued functions on R d with bounded derivatives has a natural structure of a Frechet space (cf., 
e.g., ^| Ch. I]) with topology defined by the semi- norms 

ll/IU := sup \d a x f(x)\, (5.1) 

xGR d 

where a = (a%, ...,a d )£ (Z> ) d and d% := JCr . . . J^-. 

5.3. A Frechet space structure on the space of differential operators. Let M be a closed d- 
dimensional manifold and let £ be a complex vector bundle over M. Denote by Diff m (M, E) the set 
of differential operators D : C°° (M, E) — > C°°(M,E) of order < m with smooth coefficients. It has a 
natural structure of a Frechet space defined as follows. Consider a pair (</>, $) where <f> : U — > R d is a 
diffcomorphism (with [/ C M an open set), and $ : E\u — » C' x {/ is a bundle map which identifies the 
restriction .E|;j of E to £/ with the trivial bundle C' x U — > C/. We refer to (</>, $) as a coordinate pair. 

Using the maps <fi and $ we can identify the restriction of an operator D £ Diff rn (M, E) to U with 
the operator 

D (<t>,*) ■= E a (W*)^ e Diff m (R d ,C ; xM d ), (5.2) 
\P\<m 

where \/3\ = J2j=i Pj an d a (0 <s>)( x ) = { a f</, j( x ) K — 1 are sm0 °th bounded matrix-valued functions 
on R d , called the coefficients of D with respect to the coordinate pair (0, $). 

We now define a structure of a Frechet space on Diff m (M, E) using the semi-norms 

ll £) IIW',*);/3; l j := II a W,*);i,i L' ( 5 - 3 ) 

where (</>,$) runs over all coordinate pairs, a, ft £ (Z>o) rf with |/3| < m, 1 < i, j < I, and the norm on 
the right hand side of <|5.3[) is defined by l|5.1(l . 

5.4. Holomorphic curves in the space of differential operators. Suppose O C C is an open set 
and consider a map 7 : O — ► Diff m (M, £). For every coordinate pair (</>, $) we denote by A) the 
coefficients of 7(A) with respect to the coordinate pair (</>,$). 

Clearly, 7 is a holomorphic curve in Diff m (M, £) with respect to the Frechet space structure introduced 
in Subsection l5.3l if and only if for every coordinate pair (0, $), every {3 £ (Z> ) d with \{3\ < to, and every 
1 < i,j < I) the map A 1— > $w ^-(2:; A) is a holomorphic curve in C£°(R d ). 

The following lemma follows immediately from the definitions. 

Lemma 5.5. Let O C C be an open set and, for i = 1,2, Zet 7^ : — > Diff m4 (M, £7) 6e a holomorphic 
curve. Then A 1— > 7(A) := 71(A) o 72(A) is a holomorphic curve in Diff„ il+r „ 2 (M, E). Here 71(A) o 72(A) 
is the composition of the differential operators 71(A) and 72(A). 
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5.6. Determinant of a holomorphic curve of operators. Let EU TO (M, E) C Diff m (M, E) denote 
the open set of elliptic differential operators of order m and let Ell m> e (M,E) c Ell m (M, E) be the open 
subset of operators which have 6 as an Agmon ang le. We denote by E\l' m6 {M,E) the open subset of 
invertible operators in El\ m ^(M, E). According to Subsection l3.5l the function 

LDete :m! mfi {M,E) — > C 

is well defined. For D 6 Ell mi g(M, E) we set 

Jexp (LDet e (£>)) £ C\{0}, if D is invertible; 

Dete(D) = < (5.4) 
10, otherwise. 

Further, we denote by "EH m fg lt g 2 \(M, I?) C Ell m (M, E) the open subset of operators for which all the 
angles 6 £ (#1,6*2) are principal, cf. Subsection 13.21 Any operator D £ Ell m (e 1 g 2 )(M, E) has an Agmon 
angle 9 £ (6*1, 6*2) and, by (|H . 1 f>|> . the determinant Detg(D) is independent of the choice of 9 in the interval 
(6*i, 6*2). The following theorem is well known, cf, for example, [27| Corollary 4.2], 

Theorem 5.7. Let E be a complex vector bundle over a closed manifold M and let O C C be an open 
set. 

a. Suppose 7 : O — > Ell' n (Af, i?) is a holomorphic curve in Ell^ g(M, E) C Diff m (M, E). Then the 
function O — ► C, A n LDetg (7(A)) e C is holomorphic. 

b. Given angles 9\ < # 2 and an operator D £ Ell m (e 1 g 2 )(M, E), denote by Det(g 1 g 2 }(D) ifte de- 
terminant Detg(D) defined using any Agmon angle 9 £ (61,62). Let 7 : O — > 'EA\ m ^g 1 g 2 ^(M, E) be a 
holomorphic curve in ¥A\ m ^g 1 g 2 ^ ) C Diff m (M, _E). TTien 

— ► C, A ^ Bet { g u g 2) (7(A)) (5.5) 

is a holomorphic function. 

Remark 5.8. The theorem implies that the function T>ettg lt g 2 \(D) is Gateaux holomorphic on 
Ell mj (g lj6 / 2 )(M, E), cf. 15;, Def. 3.1]. Moreover, since Det(g lt g 2 ) is continuous on ¥A\ m ^g lt g 2 )(M, E) it 
follows that this function is holomorphic in the sense of Definition 3.6 of |15j . However, since there 
seems to be no standard notion of a holomorphic function on a Frechet space, we prefer to avoid this 
terminology. 

Corollary 5.9. Suppose E — > M is a complex Hermitian vector bundle over a closed manifold M. Let 
Ell m sa (M, E) denote the set of invertible elliptic operators of order m with self-adjoint leading symbol 
and let 7 : O — ► Ell^ sa (M, E) be a holomorphic curve in Ell^ S& (M, E). Then the function 

O — ► C, A h-> e 2mr >^ x » (5.6) 

is holomorphic. 

Proof. By formula l|4.4|l of Theorem 14. 61 

R 2™,(7(A)) = Dct (-^r,0) (7(A) 2 ) _ J^2 S (0,7(A) 2 )^ ^ 

Det ( _ Tr/2i o) (7(A)) 



( 



By Lemma 15.51 A >— > 7(A) 2 is a holomorphic curve in EU 2m sa (M, £7). Hence, by Theorem 15 .71 b the quo- 
tient on the right hand side of (|5.7|) is a holomorphic function in A. It remains to show that C2e(0,7(A) 2 ) 
depends holomorphically on A. 
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First, note that by H3.13J) . (20(0, 7(A) 2 ) is independent of 8. By a result of Seeley [2Zj (see also [3%]). 
the value (29(0, J W 2 ) of the zeta-function of 7(A) 2 is given by a local formula, i.e., by an integral over 
M of a C- valued differential form cf> whose value at a point x € M is a rational function of the symbol 
of 7(A) and a finite number of its derivatives. It follows that the function O — > C, A 1— * C2e(0, 7(A) 2 ) is 
holomorphic. □ 

Another important consequence of Theorem 15. 71 is the following 

Corollary 5.10. Let V C C n be an open set and let f : V — » Ell m ^ g 2 ) (Af, _E) &e a holomorphic map 
in the sense of Subsection \5. 11 Then the set 

S := { A G V : /(A) is no£ invertible } 

is a complex analytic subset of V . In particular, if V is connected then so is V\S. 

Proof. In view of Hartogs' theorem (j25J Th. 2.2.8]), Theorem l5.7l b implies that the function V — > C, Ah 
Det (flli9a) (/(A)) is holomorphic on V. By & E = {A e 7 : Det (Bli8a) (/(A)) = 0}. □ 



6. Graded Determinant of the Odd Signature Operator 

In this section we define the graded determinant of the Atiyah-Patodi-Singcr odd signature operator, 
[3] |20| j °f a hat vector bundle E over a closed Riemannian manifold M. In Section [S] we show that, if E 
admits an invariant Hermitian metric, then the absolute value of this determinant is equal to the Ray- 
Singer analytic torsion |33|. There is a similar, though slightly more complicated, relationship between 
the graded determinant and the Ray-Singer torsion in the general case, cf. Theorem l8.2l Thus, the graded 
determinant of the odd signature operator can be viewed as a refinement of the Ray-Singer torsion. 

6.1. Setting. Let M be a smooth closed oriented manifold of odd dimension d = 2i — 1 and let E — > M 
be a complex vector bundle over M endowed with a flat connection V. We denote by V also the induced 
differential 

S/:fl'(M,E) — > n' +1 (M,E), 
where fi fe (M, E) denotes the space of smooth differential forms of M with values in E of degree k. 

6.2. Odd signature operator. Fix a Riemannian metric g M on M and let * : fl" (M, E) — > f) d ~'(M, E) 
denote the Hodge ^-operator. Define the chirality operator T : Q*(M, E) — > 57* (M, E) by the formula 

rw := f (-1)^ *w, Lj£fL k {M,E), (6.1) 

with r given as above by r = =±1, This operator is equal to the operator defined in §3.2 of ^ as 
follows from applying Proposition 3.58 of @] in the case dimM is odd. Note that r 2 = 1 and that T is 
self-adjoint with respect to the scalar product on Q'(M, E) induced by the Riemannian metric g M and 
by an arbitrary Hermitian metric on E. 

Definition 6.3. The odd signature operator is the operator B — B(X7,g M ) : Q'(M,E) — > Q'(M, E) is 

defined by 

b = rv + vr. (6.2) 

We denote by Bk the restriction of B to the space n k (M, e). 
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Explicitly, for to e £l k (M, E) one has 

B k oj := fX-l)*^^ ((-l) fe *V- V* )u e fl d - k - 1 (M,E)®il d - k+1 (M,E). (6.3) 

The odd signature operator was introduced by Atiyah, Patodi, and Singer, 2., p. 44], [3J p. 405], in 
the case when E is endowed with a Hcrmitian metric invariant with respect to V (i.e. invariant under 
parallel transport by V). The general case was studied by Gilkey, |201 p. 64-65]. 

Lemma 6.4. Suppose that E is endowed with a Hermitian metric h . Denote by (•, •) the scalar product 
on n m (M,E) induced by h E and the Riemannian metric g M on M. 

1. B is elliptic and its leading symbol is symmetric with respect to the Hermitian metric h E . 

2. If, in addition, the metric h E is invariant with respect to the connection V, then B is symmetric 
with respect to the scalar product (•, ■}, 

B* = B. 

If the metric h E is not invariant, then, in general, B is not symmetric. 

The proof of the lemma is a simple calculation. The first part is already stated in |SJ p. 405]. The 
second part is proven in the Remark on page 65 of |20| . 

6.5. Assumptions. In this paper we study the odd signature operator B and the analytic torsion under 
the following simplifying assumptions. The general case is addressed in [7]. 

Assumption I. The connection V is acyclic, i.e., the twisted deRham complex 

-^n°(M,E) — ^{MtE) — ■■• — Q d (M,E) -» (6-4) 

is acyclic, 

Im(V| n fc-i(M,B)) = Ker ( v ln fc (M„E)) for every k=l,...,d. 
Assumption II. The odd signature operator B : f2*(M, E) — ► ft'(M, E) is bijective. 

6.6. Hermitian connection. Suppose that there exists a Hermitian metric h E on E invariant with 
respect to V (in this case we say that the connection V is Hermitian) . Then Assumption II follows from 
Assumption I. Indeed, in this case the operator B is symmetric with respect to the scalar product (•, •), 
defined by the metrics g M and h E , cf. Lemma f6. 41 Hence, we only need to show that Ker_B = {0}. Let 
V* denote the formal adjoint of the operator V : Q,'(M,E) — > f2 ,+1 (M, E) with respect to the scalar 
product (•, •). Since the metric h E is flat, we obtain, cf. 031 §6-1], 

v* = rvr. (6.5) 

Using this identity and the definition l|6.2|) of B we see that 

B 2 = V'V + VV* (6.6) 

is the Laplacian. Thus Kcr_B = KerB 2 is isomorphic to the cohomology of the complex (|6.4|l . and, 
hence, is trivial by Assumption I. Conversely, these arguments show at the same time that, in the case 
considered, Assumption II implies Assumption I. 
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6.7. Connections which are close to a Hermitian connection. In this paper we are interested in 
the study of connections which are close to a Hermitian connection in the following sense: 

Let J7 1 (M, End (E)) denote the space of differential 1-forms on M with values in the bundle End(E') 
of endomorphisms of E. A Hermitian metric on E and a Riemannian metric on M define a natural norm 
| • | on the bundle A 1 (T*M) ® End (E) — > M. Using this norm we define the sup- norm 

IMIsup := max | u (x) |, uj e 1 (M, End E) 

on Vt 1 (M, End E) . The topology defined by this norm is independent of the metrics and is called the 
C°-topology on n x (M,End E). 

Let C(E) denote the space of connections on the bundle E. By choosing a connection Vo we can identify 
this space with fi 1 (M, End E) associating to a connection V £ C(E) the 1-form V — Vo € f2 1 (M, End E). 
By this identification the C°-topology on O 1 (M, End E) provides a topology on C(E) which is independent 
of the choice of Vo and is called the C° -topology on the space of connections. 

Finally, we denote by Flat (2?) C C(E) the set of flat connections on E and by Flat'(!?, g M ) C Flat(S) 
the set of flat connections satisfying Assumption I and II of Subsection 16.51 The topology induced on 
these sets by the C°-topology on C(E) is also called the C°-topology. The discussion of the previous 
subsection implies that Flat'(-E, g M ) contains all the acyclic Hermitian connections. 

Proposition 6.8. Flat'(i5,g M ) is a C°-open subset of Flat(-E), which contains all acyclic Hermitian 
connections on E. 

Proof. We already know that Flat' (E,g M ) contains all acyclic Hermitian connections on E. Hence it is 
enough to show that F\at'(E, g M ) is open in C°-topology. 

Let V € Flat' (E,g M ) and suppose that V G Flat(£) is sufficiently close to V in C°-topology. Let 
B = -B(V, g ), B 1 = -B(V, g M ) denote the odd signature operators associated to the connections V and 
V, respectively. Then B — B' is a O'th order differential operator on W(M, E) and, hence, is bounded. 
Moreover, if V is close to V in the C°-topology, then B' - B : Q'(M, E) -> fl'(M, E) is small in the 
operator norm, when fl'(M, E) is endowed with the L 2 -norm induced by the Riemannian metric on M 
and the Hermitian metric on E. We refer to this operator norm as the standard operator norm and 
denote it by || ■ ||. 

Since the operator B satisfies Assumption II, its inverse B~ x can be viewed as a bounded operator on 
the L 2 -completion L 2 Vt'{M,E) of VT{M,E). If B - B' is sufficiently small so that \\(B' - B)B- 1 \\ < I, 
then B' , viewed as an unbounded operator on L 2 Q*(M, E), has a bounded inverse given by the formula 

{B'y 1 = B- 1 (Id + (B' - B)B~ 1 )~ 1 . 



By elliptic theory, (B 1 ) 1 maps the space of smooth forms Sl*(M, E) to itself. Hence, B 1 satisfies As- 
sumption II. □ 
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6.9. Decomposition of the odd signature operator. Set 

r— 1 r 

n cvcn {M,E) := Q)n 2p (M,E), n odd (M,E) := ff*- 1 (M,E), 

p— p—1 

r-1 

Seven := 0%: n cvcn (M 7 E) — > ft CTCn (M,£), 
r 

Sodd := 0Vi: «° dd (M,i?) — > r! odd (M,£), 
p=l 

Using that r 2 = 1 we obtain 

Sodd = ro Seven °r| nodd(MiB) . (6.7) 

Hence, the whole information about the odd signature operator is encoded in its even part B even . The 
operator B cvcn can be expressed by the following formula, which is slightly simpler than (|6.3|) : 

S cvo „ w := i r (-l) p+1 ( * V- V* for lo e f2 2p (M, E). (6.8) 

Assume now that V S Flat'(_E, <? M ), i.e., that Assumption I and II of Subsection 16.51 are satisfied. 
From Assumption I we conclude that the kernel and the image of the operator V : f2 # (M, E) — > Q* ( Af , £7) 
coincide. Hence, 

Ker (r V) = Ker V = Im V = Im (V T) 

(6.9) 

Ker(VT) = r(KcrV) = l(lmV) = Im(rV). 

We set 

fl k (M,E) := Ker(VT) n n k (M,E) = (T Ker V) n n k (M,E); 

( 6 - 10 ) 

n k _(M,E) := Ker(rV) n n k (M,E) = Ker V n n k {M,E), 

and refer to f2?L (M, E) and Q_(M, E) as the positive and negative subspaces of £l k (M, E). 5 
Assumption II of Subsection 16 . 51 then implies that 

Ker ( Vr L(M, E) ) nKer(rv| nW) ) = {0}, k = 0,...,d (6.11) 

(as B is one-to-one) and 

Im(vr| nti _ fe+W) ) + Im(rv| nd _,_ 1(MiJ5) ) = tt fc (M,£), fc = 0,...,d (6.12) 

(as £? is onto). Combining l|6.11Jl and 1|6.12(1 with 1)6. 9(1 and Ijfi.lOp we conclude that 

n k (M,E) = tt k + (M,E) ® n k _{M,E). (6.13) 

Clearly, 

r-.n k ± (M,E) — ► n*r k (M,E), k = o,...,d. (6.14) 

Remark 6.10. Suppose that /i £ is a flat Hermitian metric on E. Then, using (|6.5|1 and l|6.9|l . we obtain 



CL k + (M,E) = Ker V* n Sl k (M,E), (6.15) 



where V* is the adjoint of V with respect to the scalar product induced by the metrics g and h 



^Note, that our grading is opposite to the one considered in 1111 §2]. 
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Let Bf denote the restriction of B to Q%.(M,E). By and 

S+ = TV: ni(M,E) — i. ^^(M.EO, 

r ( 6 - ie ) 

s- = vr : n k _(M,E) — ► n d r k+1 (M,E). 

It follows from Assumption II of Subsection 16.51 that both, Bt and B^ , are invertible. 
6.11. Graded determinant of the odd signature operator. Set 

r-1 

ft^ en (M,E) = 0^| P (M,^) 

p=0 

and let Bf ven denote the restriction of -B eve n to the space f2|jy en (M, E). Then 
We consider f2 ovcn (M, £") as a graded vector space 

n cvca {M,E) = n™ cn (M,E) ® n c ™ a (M,E). 

By Definition 13.121 the graded determinant of the odd signature operator is 

Det gr , e (B even ) := ^ ,(B ™ >, (6.17) 
where 6 (— tt, 0) is an Agmon angle for the operator £? = B cvon © -B dd: cf. Definition 13.41 and 

LDet gr , e (Seven) := LDet e (S+ en ) - LDet e ( - B~ en ) £ C. (6.18) 
According to (|3.15|) . Detg ri g(-B e ven) is independent of the choice of the Agmon angle 9 £ (— tt, 0). 

7. Relationship with the ^-invariant 

In this section we use the notations of the previous section and assume that, for a given pair (V, g M ), 
Assumptions I and II of Subsection 16.51 are satisfied. In particular the operator B = B(V,g M ) is 
bijective. It follows that the operators B 0V en and B~£ : fl+(M, E) -> fl^T k ~ 1 (M, E) (0 < k < d - 1) are 
also invertible. 

7.1. Graded determinant and ^-invariant. To simplify the notation set 

r) = v(V,g M ) := ry(i? ovcn ), (7.1) 



and 

d-i 

C = ^,g M ,6) := -^(-l) fe LDet 2e (B+_ fc -i°S 



fe-o (?2) 
' i 



fe=0 

Theorem 7.2. Let V £ ¥\aX' {E,g M ) be aflat connection on a vector bundle E over a closed oriented 
Riemannian manifold {M, g M ) of odd dimension d = 2r — 1. Let 9 £ (— tt/2, 0) be an Agmon angle for B 
such that there are no eigenvalues of the operator B in the solid angles L^ n / 2 .e] an ^ -^0/2.0+71-] • Then 

LDetg r!e (Bcvon) = £ - inn. (7.3) 



24 



MAXIM BRAVERMAN AND THOMAS KAPPELER 



The rest of this section is devoted to the proof of Theorem l7.2l By Ij4.21|l . it is enough to show that 

2£ = LDet 20 (B+ on ) 2 - LDet 2e (B^J 2 ; (7.4) 
C 20 (O,(B+ cn ) 2 ) - C 29 (0,(i? c - cn ) 2 ) - 0. (7.5) 

7.3. Calculation of ( 2e (s, (B+ cn ) 2 ) - ^{s, (S" en ) 2 ). Set 

A+ := B+ + : n\{M,E)®n d + k ' 1 {M 1 E) — > Q*_(M, E) ® n^T fc_1 (M, E), 

for k = 0, . . . , r — 2, and 

A+_, := f2+ _1 (M, £7) — n^M.S). 

Similarly, set 

:= + Bd-fe+i : ^-(M,£;)e^ fe+1 (Af,i;) — ► n*(M,.E) efii _fe+1 (M,E) 

for fc = 1, . . . , r — 1, and 

A" := B„7 : n r _(M,E) — ► fil(M,.E). (7.6) 

Then 

(^fc) 2 = ( r V ) 2 |o^(M,_E)®0^ fc - 1 (Jl/,_E)' (Ae) = ( Vr ) 2 L'l(M,_E)®Ol-' c + 1 (Af,£;)- C 7 ' 7 ) 

Hence, 

C 2e ( s ,(A+) 2 ) = C 2e ( S ,(rv) 2 | n , (MB) ) + C 2e ( s ,(rv) 2 | or ,_ 1(Mi5) ). (7.8) 

From (|iT7|) and (|6~lU> we get 

^ = r°4-i°r. (7.9) 

Hence, 

C 29 ( S ,(A+) 2 ) = OwM^-i) 2 ). (7.10) 
Since i?^, on is a direct sum of the operators A^,, we obtain from l|7.10(l that 

[(r-l)/2] [r/2] 

C 2e (M£+ on ) 2 ) - c 2e ( s ,(s c ™ 1 ) 2 ) - E C 2 *(MA+) 2 ) - 

p— p— 1 

[(r-l)/2] [r/2] r _i 

= E W) - e C2 e ( s ,(A+_ x ) 2 ) = E(-i) fc c 2 ,( s ,(A+) 2 ). 

p=0 p=l fe=0 

Combining this equality with l|7.8|l we get 

d-l 

C 2e (s,(B+ cn ) 2 ) - Ge(s,(B- en ) 2 ) = E(- 1 ) fe ^(s,(rV) 2 |^ (MB) ). (7.11) 

k=0 

Lemma 7.4. Let F 1 ,F 2 be vector bundles over M and let P : C°°(M,Fi) -> C°°(M,F 2 ) and Q : 
C°°(M, F2) — > C°°{M, F2) be invertible elliptic pseudo-differential operators such that <fi is an Agmon 
angle for PQ and QP. Then, every regular point s € C of the function s 1— ► £</>( s j PQ) * s a ^ so a regular 
point of s 1 — ► C<p( s i QP) an d 

C^s,PQ) = C+(8,QP). (7.12) 

In particular, 

C (O,PQ) = C^(0,QP). (7.13) 
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Proof. For every elliptic operator D with Agmon angle <f> 

QD-^Q- 1 = (QDQ- 1 )-*- 1 . 

Hence, 

Q(PQ)^- 1 = [Q(PQ)$ S ~ 1 Q~ 1 ]Q = (QP^-'Q- (7.14) 

Recall that if T and S are operators such that the composition TS is of trace class, then ST is also of 
trace class and Tr(TS) = Tr (ST), cf. 21, Ch. Ill, Th. 8.2]. Using this equality and (ZH5) we obtain 

b(a,PQ) = Tr(PQ)^ = Tr [(PQ^PQ] 

= Tr [QiPQY^P] = Tr (QP)- S = Q( S ,QP). ( '"" > ' 

Since both the left and the right hand sides of (|7.15(l are analytic in s, this equality holds for all regular 
points of the function s i— > ^(s, PQ). □ 



From H7.12|) . we conclude that for all regular points of the function s t— > (20 (s, (TV) 2 , M the 
following equality holds 



C 2 e(s,(rv) 2 |^ (MjjE) ) = C2e(s,(rvr)| n , +1(MjE) v| , (MjE) ) 

= C2e(s,v| n , (MiS) (rvr)| n , +1(Mi£) ) = c 2e (s,(vr) 2 | , +1(MB) ). (7.16) 

From IHHJ, and iftTEfy . we get 

M^ 2 L (M , B) ) - C 2 ,( s ,((rv) 2 + (vr) 2 )|^ (M£) ) 

= C 2e (s,(rv) 2 |^ (MB) ) + C2e(s,(vr) 2 | nfc(MB)) ). 

Using this equality, 17.11|l . and (|7.1bj) . we obtain 

d 

(B+ vcn ) 2 ) - C20(S, (Seven) 2 ) = £ ("l)*** * C 2 (*, B 2 \ Qk (M£) ) . (7.17) 

7.5. Proof of Theorem [7721 From [f7"2jl and [f7~TT|) we conclude that 

d , 



2 ^ efe ls =° 



C20 (s, (B+ en Y) - ( 2 e(s,(B- eii y) . (7.18) 



Hence Q7.40 is established. 

Since the dimension of M is odd, the ^-function of every elliptic differential operator of even order 
vanishes at 0, cf. [37|. Hence, by Lemma lb. 41 1. the equality (|7.17|l implies (|7.5|l . □ 

8. Comparison with the Ray-Singer Torsion 

8.1. Ray- Singer torsion. Let E — > M be a complex vector bundle over a closed oriented manifold M of 
odd dimension d = 2r — 1 and let V be an acyclic fiat connection on E. Fix a Riemannian metric g M on 
M and a Hermitian metric h E on E. Let V* denote the adjoint of V with respect to the scalar product 
(■, ■) on tt*(M, E) defined by h E and the Riemannian metric g M . If V is acyclic (i.e., Assumption I of 
Subsection 16.51 is satisfied) the Ray-Singer torsion T KS of E, [331 03 ID] > i s defined by 

t rs =T RS (V);= exp(i£(-l) fe+1 A : LDet_ 7r ((V*V + VV*)| nfc(M!f;) )), (8.1) 

k=Q 
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where V* denotes the adjoint of V with respect to the scalar product (•, •) induced by g M and h E . Note 
that, as V is assumed to be acyclic, (V*V + VV*)| nJi M E is a strictly positive operator and, therefore, 
LDet.^ ((V*V + VV*)| nfc(MB) ) is well defined. 

The Ray-Singer torsion is a positive number, which, in the case considered, is independent of the the 
Hermitian metric h E and the Riemannian metric g M , cf. jSHllSj- We denote by logT RS the value at T RS 
of the principal branch of the logarithm. 

The determinants in 1|8.1|) are defined using the spectral cut R-^ along the negative real axis. Since 
the spectrum of the operator V*V + VV* lies on the positive real axis, we can replace it with a spectral 
cut Rtf, for any <p 7^ without changing the formula. In particular, we can take the spectral cut along 
i?20, where 9 £ (— tt/2, 0) is an Agmon angle for the odd signature operator B. 

Using the decomposition . 1 3|> . we have 

log T RS = \ {-If LDet 29 ( V*V\ ah+(MiE) ) 

k ~° (8.2) 

= 5£(-l) fe+1 LDet 2 4VVV ( M, £ ))' 
k=a 

This formula is proven, for example, on page 340 of JT] . 

Suppose now that the Hermitian metric h E on E is invariant with respect to V. From (|b.5p . we obtain 

V * ^\q.\(m,e) = ( r V ) 2 |n^(M,_E)- 

Hence, we can rewrite (|8.2|) as 

logT RS = lj2(.-l) k Wet 29 ((TV)\ k+{ME) ) = e(V, ff M ,0), (8.3) 

fe=0 

where the number £ = £(V, g M , 9) is defined in \7.2\ . 

The next theorem generalizes this result to the case where h E is not necessarily invariant. Recall that 
the set Flat'(Af, g M ) is defined in Subsection Itj. 71 

Theorem 8.2. Assume that M is a closed oriented manifold and g M is a Riemannian metric on M . Then 
there exists an C°-open (cf. Subsection \6/I\ ) neighborhood U C Flat(i?) of the set of acyclic Hermitian 
connections on E, such that for every connection V G U we have V £ Flat'(M, g M ) and 

d 

logT RS (V) = - Re^(-l) fe LDet 2e ((rV) 2 | n , (ME) ) = Re£(V, 5 M ,0). (8.4) 

fc=0 

Hence, in view of (17.31) . for every V £ U , we obtain 

Det gr , e (Seven) | = T RS (V) • Im ^v, s M ) _ (8 5) 

If V is an acyclic Hermitian connection, then the operator B cvcn is self-adjoint with respect to the inner 
product given by g M and the invariant Hermitian metric h E on E. Thus, the ^-invariant 77 = rj(^7,g M ) 
is real. Hence, Theorem 18 . 21 implies the following 

Corollary 8.3. // V is an acyclic Hermitian connection then 

I Det gr , e (Seven) I - T RS (V). (8.6) 
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In particular, Corollary 18.31 implies that, under the given assumptions, Det gli e(i?ovon) contains all the 
information about the Ray-Singer torsion, and, hence, "refines" it by having a phase. 
The rest of this section is occupied with the proof of Theorem! 



8.4. Alternative formula for £. From Ij7.18|l and Ij7.17|l we obtain the following analogue of H8.1(l 

£(V, 5 M ,0) = i^(-l) fe+1 fcLDet 2 J((rV) 2 + (VT) 2 ) 1, (8.7) 

2 f — ' L V / n k (M,E) 1 



k=0 

where 9 £ (— 7r/2,0) is an Agmon angle for B so that there are no eigenvalues of B in the solid angles 
i(_ 7r /2,e] an< l -k(7r/2,0+7r]- Note that this condition implies that for all k = 0, . . . , d, 29 is an Agmon angle 
for B 2 \ 

8.5. Choice of the spectral cut. It follows from (|3.15|) that Det grj g(i?oven) does not depend on the 
choice of the Agmon angle 9 6 (— it, 0). It is convenient for us to work with an angle 9 6 (— n/2,0) such 
that there are no eigenvalues of the operator B in the solid angles L(_„y 2 ,e]i -^[-e,ir/2)i L^^.e+n] and 
£[-0— 7r,-7r/2)- We will fix such an angle till the end of this section. 

8.6. The dual connection. Fix a Hcrmitian metric h E on E. Denote by V the connection on E dual 
to the connection V. It is defined by the formula 

dh E (u,v) = h E (Wu,v) + h E {u,Vv), u,v € C°°(M,E). 

From the definition of the scalar product (•, •) on Q'(M, E) it then follows that 

v* = rv'r, (v')* = rvr. (8.8) 

Since T 2 = Id, iJHUl implies 

(rv) 2 J = (rv') 2 , ((vr) 2 J = (v'r) 2 . (8.9) 

Let B' denote the odd signature operator associated to the connection V'. Using l|6.16fl and l|8.8|l one 
readily sees that 

B* = B'. 

Therefore, if the connection V satisfies Assumption I and II of Subsection l6.5l then so does the connection 
V'. Our choice of the angle 9 in Subsection 18.51 guarantees that ±29 are Agmon angles for the operator 

(rv') 2 - ((rv) 2 )*. 

In particular, the number £(V, <? M , 9) can be defined by formula (|7.2() . using the same angle 9 and 
replacing everywhere V by V'. 

Lemma 8.7. Using the notation introduced above, we have 



aV,g M ,9) = £(V,<? M ,0), mod (8.10) 

where ~z denotes the complex conjugate of the number z G C. 
Proof. Set 



D k := (rV) 2 + (Vr) 2 :tt k (M,E) — ► n k (M,E). 

\ J n k (M,E) 

Then, by ffOty . 

D* k = ((rv'f + tv'rfJ^^^i^fM.fi) — ► n k (M,E). 
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With 9 given as in Subsection 18. 51 we have 



LDet 2 e D* k = LDet_ 2e D k . (8.11) 

Note that Dk has a positive-definite leading symbol. Hence, at most finitely many eigenvalues of Dk lie 
in the solid angle £[-20,20+271-] (which contains the negative real axis). 6 Hence, by H3.14JI . 

LDet_ 2 0-Dfc = LBet 2 eD k mod 2iri. (8.12) 

Using (|8.11|) and \jj.V2} . we obtain now from (|8.7|) . that 

-. d -. d 

£(V',«? M ,#) = - ^(-l) fc+1 fc LDet 2e D% = - Y,(-V k+1 kLDct 2e Dk = £(V, 5 M ,0), mod ni. 

k=0 k=0 

□ 

Lemma 8.8. For every V S Flat'(M, ff M ) we have T RS (V) = T RS (V). 
Proof. From (|8.8|l . we obtain 

v*v = rv'rv = r(v'rvr)r = rv'(V)*r ; 
vv* = vrv'r = r(rvrv')r = r(v')*v'r. 

From l|8.1[) we obtain 

1 d 

logT RS (V) = -^(-l) fc+1 fcLDet^((V*V + VV*)| afc(MiS) ) 

fe=0 

d 

= - ^ (-l) fc+1 fc LDet_ w ( r ( v'(V)* + (V)* V ) r 

fc=0 

= \ E t- 1 )** 1 fc LDet - ( ( v '( v ')* + (V)*v) 

fc=0 

i it (-l) k (d k) LDct_. ( ( V'(V')* + (V)* V , 1,,, , „ , 

fe=0 

By JOl . 



ln fc (M,_E) 



ln d -' t (M,_B) 



£(-!)* LDet_.((V'(V')* + (V')*V')|^ (M£) 



fc=0 



13) 



In* (m,e) . 



fc=0 fe=0 

Hence, from (|8.13|1 . we obtain 

lo g T RS (V) = i^(-l) fc+1 fcLDet_ 7r ((V'(VT + (V')*V')| ofc(MiS) ) = log T RS (V). 

fe=0 



□ 



^By our assumptions on 6, all these eigenvalues must lie on the real axis. But we don't use this fact here. 
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8.9. Proof of Theorem 18.21 In the case V is an acyclic Hermitian connection the statement has been 
already proved, cf. (JHHSJl- 

In the general case, let 

,0 V')' 

denote the flat connection on E © E obtained as a direct sum of the connections V and V'. From 
Lemmas 18.71 and 18.81 we obtain 

T RS (V) = T RS (V)-T RS (V) = (T RS (V)) 2 , 

£(V,.g M ,tf) = t{V,g M ,6) + £(V', ff M ,f?) = 2 Re £(V, g M , 9) mod m. 

Hence, to prove Theorem 18.21 it is enough to show that 

£(V,.g M ,6<) ee logT RS (V) modTri. (8.14) 

We will prove l|8.14|l by a deformation argument. For t £ [— tt/2, tt/2] introduce the rotation XJ t on 

n' := n'(M,E) © Q'(M,E) 

given by 

/ cosi — sint 
Uf = I 

\ smi cost 

Note that U^ 1 = U- t . 

Consider two one-parameter families of operators B(t), B(t) : O* — > D,* (t E [—tt/2, tt/2]): 
B{t) := TUtVU^ 1 + VT; B{t) := TV + UtVU^T. 

Note that B(0) — B(0) = B(V,g M ). If the Hermitian metric h E is invariant with respect to V then 

V = V and 

B(t) = B(t) = B(V,g M ) = B(V,g M )(5B(V',g M ) (8.15) 

for all t <G [— 7r/2, tt/2}. It follows then from the Assumption II of Subsection 16 . 51 that the operator (|8.15l) 
is invertible. 

Suppose now that V is sufficiently close to an acyclic Hermitian connection Vo in the C°-topology, 
cf. Subsection 16.71 and that the metric h E is chosen to be invariant with respect to the connection Vo- 
Then V is also close to V . Since both B{t) - B{V, g M ) and B(t) - B(V, g M ) are O'th order differential 
operators, it follows that they are small in the standard operator norm (cf. proof of Proposition 16. 8fl for 
all t e [-7r/2,7r/2]. Therefore the operators B(t),B(t) are invertible for all t e [-7r/2, 7r/2]. 

We denote by V C Flat(E') the set of connections, which satisfy the following property: there exists a 
Hermitian metric h E such that the operators B(t) and B(t) are invertible for all t G [— 7r/2, tt/2]. 7 Then 

V is open in Flat(-E). Moreover, since for every V e V the operator B(0) = B(V,g M ) © B(V',g M ) is 
invertible, it follows that V C Flat'(.E,ff M ). 

The above discussion shows that V contains the set of acyclic Hermitian connections. In the rest of 
the proof we assume that V € V and that h E is chosen so that the operators B(t) and B(t) are invertible. 
Set 

n+(t) := Ker UtVUf 1 T = {TU t (£) : u) S KerV, w'eKerV'}; 

:= KerV = KerV ©KerV'. 
Note that is independent of t. 



''Recall that B{t) and B(t) depend on h E since the dual connection V' does. 
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Since the range of TUtVU t 1 is contained in Qt(t) whereas the range of VT is contained in fl*_, it 
follows from the surjectivity of B{t) that 

fi+(f) + £T_ = fl\ t £ [— 7r/2,7r/2]. (8.16) 

Similarly, since, by definition, the kernel of UtVU^ l Y is equal to whereas the kernel of TV is equal 

to it follows from injectivity of B(t) that 

n' + (t)r\{l'_ = {0}, te [-7r/2,7r/2]. (8.17) 
Combining l|8.16|l and (|8.17|l we obtain 

O* = n+(t)8fi!_, £ £ [-7r/2,7r/2]. (8.18) 
For each t £ [— 7r/2, 7r/2] define £(t) £ C/iriZ by the formula 
1 d 

£(f) = -53(-l) fc LDet fl /(rtT t Vl7 t - 1 rV| n » (t) ) ) mod™, (8.19) 

fc=0 

where 6*' e £(-20.2^+20) is an y Agmon angle for the operators 8 ri/ t VC/ t -1 rV| afc ^. (k = 0, . . . , 2V). 
Since 



rc/oVt/n-TV 



-1^1 _ ^ VrV l^(M >B ) 



m*(o) 1 rv'rv' 



(m,£), 



for £ = 0, (|8.19|) coincides with (|7.2|) with V replaced by V. 
Similarly, since 



rn \7TT-irx7\ ( V * V \n\{M >E ) \ 

+ V ln*(M,B)/ 

for t — tt/2 the right hand side of (|8.19l) coincides with (|8.2() . Summarizing, we conclude that 

£(0) = £(V, ff M ,0), £(tt/2) = logT RS (V), mod ttz. (8.20) 

We will finish the proof of l|8.14|l (and, hence, of Theorem 18. 21) by showing that 

| m = 0. (8.21) 

This is done by applying the arguments of the standard proof of the independence of the Ray-Singer 
torsion on the Hermitian metric. First we need the following notation (cf., for example, Section 2 of 
[lip: Suppose f(s) is a function of a complex parameter s which is meromorphic near s = 0. We call 
the zero order term in the Laurent expansion of / near s = the finite part of f at and denote it by 
F.p. s=0 f(s). Then, cf. Lemma 3.7 of [ID] or formula (1.13) of 

^LDet^r^w-rvl^) 



= F.p. s=0 Tr 



.22) 



8 Recall from Subsection I3.1UI that a different choice of 0' 6 Lr_ 29.2^+20) changes the number 
LDet e /(rC/tVl/^ 1 rV| Qfc (() ) by a multiple of 2m. 
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One has 



dt 



ln*(t) 



By Lemma EH for Res > d/2, 



Tr 



(TUtVU^TM^UtUf X V 



= Tr 



ln*(t) 



frz7tW t -1 rv 



(r^vt/^r 



ln*(t) 



£2*(t) 



n*(t) 



rJ7 t VZ7 t _ TV 



-s-l 



ln*(t) 



(r^w t - x r)| nfc+1 



Tr 



.23) 



Hence, (|8.22j) implies that 
- LDet e - ^ T U t VUf x T V 
= F. p. s=0 Tr 



n*(t) 

iw- 1 (rt/tW^rv! 



n»(t) 



■( 



Consider the operator 



A k (t) := TUtVU^TV 



n*(t) 



(8.24) 



(8.25) 



It is a second order elliptic differential operator on £l k (M, E © E) , whose leading symbol is equal to the 
leading symbol of the Laplacian V* V + VV* . In other words, A/-(i) is a generalized Laplacian in the 
sense of 0]. 

The decomposition fl k (M,E(BE) = fi! implies that 

A fe (%, s = (rLw^rvl^)" 8 + (vr^v^rln*)^'. 

Hence, from (18.24(1 . we obtain 



UtUf 1 A k (t)e; 



(8.26) 



fc=0 



By a slight generalization of a result of Seeley (37J , which is discussed in 03] , the right hand side of 
is given by a local formula, i.e., by an integral 



.27) 



M 



of a differential form (f>, whose value at a point x G M depends only on the full symbol of A and a finite 
number of its derivatives at the point x. Moreover, since the dimension of the manifold M is odd, the 
differential form (j) vanishes identically. □ 

9. Dependence of the Graded Determinant on the Riemannian Metric 

As already mentioned, one can consider the graded determinant Det gr .e(i3even) J defined in l|6.17|l . as 
a refinement of the Ray-Singer torsion. However, in general, Det gr .e(i? ovcn ) depends on the choice of the 
Riemannian metric g M on M. In this section we investigate this dependence. In particular, we show that, 
if dim A/ = 2r — 1 = 1 (mod 4), then Det grj g(i3 even ) is independent of g M . Later we will use the results 
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of this section to construct a refinement of the Ray-Singer torsion which is a diffeomorphism invariant of 
the pair (_E, V) (i.e. is independent of the metric). 

Definition 9.1. A Riemannian metric g M on M is called admissible for a given acyclic connection V if 
the odd signature operator B = B(V,g M ) satisfies Assumption II of Subsection \6.5[ We denote the set 
of admissible metrics by VVf(V). 

Recall from Theorem 17^1 that, for g M € M(V), 

LDet gI , e (B cvcn (V, ff M )) = £(V, 5 M ,0) - t ^(V, ff M ), (9.1) 

where 9 £ (— tt/2, 0) is an Agmon angle for B such that there are no eigenvalues of the operator B in the 
solid angles L(_ n/2l o] and L {w/2 ^ g+Jl] . 

9.2. Dependence of the ry-invariant on the metric. First, we study the dependence of the ^-invariant 
7] = n(B cvcn (V, g M )) on the metric g M . Fortunately, this was essentially done in [3J and [201 - Below we 
present a brief review of the relevant results. 

Let -Btriviai : f2 cvon (M) — ► fi even (M) denote the even part of the odd signature operator corresponding 
to the trivial line bundle over M endowed with the trivial connection. It is shown on page 52 of [20| (see 
also Theorem 2.4 of [3] where the case of unitary connection is established) that modulo Z the difference 

vi{B cvca (y,g M )) - (rankS) 7 ? (S triv iai(.g M )) (9-2) 
is independent of the Riemannian metric. 

Let us describe the dependence of r\ (-Btriviai (g M )) on the metric. 

9.2.1. Case when M bounds an oriented manifold N' . Suppose, first, that M is the oriented boundary 
of a smooth compact oriented manifold N'. Let sign(iV') denote the signature of N', cf. 0- This is 
an integer defined in purely cohomological terms. In particular, it is independent of the metric. The 
signature theorem for manifolds with boundary (cf. Theorem 4.14 of [2] and Theorem 2.2 of [3]) states 
that 

sign(TV') = f L(p) - ^(Btriviai), (9.3) 

J N' 

where L(p) := Ln<(p) is the Hirzebruch L-polynomial in the Pontrjagin forms of a Riemannian metric 
on N' which is a product near M. It follows from (|9.3|l that J N , L(p) is independent of the choice of the 
Riemannian metric on N' among those that are product-like near dN'. Note that if dim M = 1 (mod 4) 
then L(p) does not have a term of degree dim TV' and, hence, J N , L(p) = 0. 

Combining Ij9.3|l with the metric independence of sign(iV') and Ij9.2|l . we conclude that, modulo Z, 

r) - (rankS) / L(p) (9.4) 

JN' 

is independent of the metric g M . Since for different choices of N', the integral f N ,L(p) differs by an 
integer, the expression l|9.4(l . modulo Z, is also independent of N'. 

9.2.2. General case (M does not necessarily bound an oriented manifold) . In general, there might be no 
smooth oriented manifold whose oriented boundary is diffeomorphic to M. However, since dimM is odd, 
there exists an oriented manifold N whose oriented boundary is the disjoint union of two copies of M 
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(with the same orientation), cf. 021 , (HO Th. IV. 6. 5]. Then the same arguments as above show that, 
modulo Z, 

V-^f Hp) (9.5) 

is metric independent. In particular, if dimM = 1 (mod 4), then the reduction of r\ modulo Z is metric 
independent. 

Remark 9.3. Note again that replacing rj by (j9.5(l removes the dependence on the metric but creates a 
new dependence on the choice of the manifold N. For different choices of N the integrals J N L(p) might 
differ by an integer. 

The following proposition summarizes our discussion of the dependence of the 77-invariant on the 
Riemannian metric. 

Proposition 9.4. Let N be a smooth compact oriented manifold whose oriented boundary is equal to two 
disjoint copies of M. Denote by L(p) — Lry{p) the Hirzebruch L-polynomial in the Pontrjagin forms of 
a Riemannian metric on N which is a product near dN = M U M . Then, modulo Z, 

rank E f . . 

V o — / HP) 

z Jn 

is independent of the choice of the metric on M . For different choices of N satisfying dN — M U M the 
integral J N L(p) differs by an integer. If dimM = l(mod 4), then J N L(p) = 0. 
The imaginary part Im r] of rj is independent of g M . 

We are now ready to formulate the main result of this section. 

Theorem 9.5. Let E be a flat vector bundle over a closed oriented odd- dimensional manifold M and let 
V be the flat connection on E. Let N be an oriented manifold whose oriented boundary is the disjoint 
union of two copies of M. For each admissible Riemannian metric g M G A4(V) consider the number 

Det g , e ( B cvcn (V, g M ) ) ■ e™ ^ I* L ^ M ) e C \{0}, (9.6) 

where 8 G (— tt/2, 0) is an Agmon angle for _B even (V, g M ) and L(p, g M ) is the Hirzebruch L-polynomial in 
the Pontrjagin forms of any Riemannian metric on N which near M is the product of g M and the standard 
metric on the half-line. Then the number (|9.ti|l is independent of g M G A^(V) and 9 G (— tt/2, 0). 

In particular, if dimM = l(mod4), then J N L(p,g M ) = and, hence, Det gI% g (-B eV en(V, g M )) is 
independent of g M . 

To prove Theorem 19. 51 we need to study the dependence of £ = £ (V, g M , 9) on g M . 

9.6. Dependence of £ on the Riemannian metric. For (|9.1|) to hold we need to assume that there 
are no eigenvalues of the operator B in the solid angles i(_ 7r /2,e] and Li^^fi+Tr]- However, for the study of 
the dependence of £ on g M it will be convenient for us to work with £(V, g M , 9) with the only assumption 
that both, 9 G (— it, 0) and 9 + tt, are Agmon angles for B cvcn . If 9\ and #2 are two such angles then, by 
(TH4T) and E2), 

£(V, ff M A) = i(y,g M ,9 2 ) mod m. (9.7) 

Proposition 9.7. Suppose g^f , gf' 1 G A4(V) are admissible Riemannian metrics on M and let 9q,9\ G 
(—tt/2, 0) be such that, for j = 0, 1, both, 9j and 9j + tt are Agmon angles for -B(V, 9j)- Then 

£(V,$jVi) = £(V, 5o M ,0 o ) mod tti. (9.8) 
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Remark 9.8. If, in addition, V is Hcrmitian and h E is a V-invariant Hcrmitian metric on E, then, from 
(I6.5|l we obtain (rV) 2 = V* V. By Q8.2JI . £(t, 9q) coincides, in this case, with the Ray-Singer torsion. 
Hence, in the case of a Hermitian connection, the statement of the proposition reduces to the classical 
result about the independence of the Ray-Singer torsion on the Riemannian metric. 

For the proof of the proposition we, first, consider the case when g^f and gf 1 belong to the same 
path-connected component of the set .M(V) of admissible metrics. 

Suppose that gf 1 E A4(V), t E R, is a smooth family of admissible Riemannian metrics on M and let 
B t = -B(V, gf 4 ) be the corresponding odd signature operator. To simplify the notation set 

t(t,ff) := £(V, 5t M ,fl). 

Fix to € R and let 9q E (— 7r/2, 0) be an Agmon angle for B ta such that there are no eigenvalues of B to 
in the solid angles Lr_„/2 t $ a ] and i( 7 r/2,e +'r)- Choose S > so that for every t E (to — 5, to + S) both, 
9q and 9o + vr, are Agmon angles of B t . For t ^ to it might happen that there are eigenvalues of B t in 
L(-Tr/2,8 ) and/or i( 7r /2,e +7r)- Hence, (I9.1|) is not necessarily true, in general, for t ^ to. However, from 
(|9.7() . we conclude that for every t E (to — 5, to + 6) and 9 E (— 7r/2, 0), such that 9 and 9 + n are Agmon 
angles for B t , 

£(t,6») = £(t,9 ) mod ni, (9.9) 

Lemma 9.9. Under the above assumptions, £(t, 9q) *s independent of t E (to — 5, to + 6). 

Proof. Let T t denote the chirality operator corresponding to the metric gf 1 . Then, cf. Lemma 3.7 of ^U] 
or formula (1.13) of 26 , 



j t LDet ^o ((r t v) 2 | n , (MB) ) = F. P . s=0 Tr [(|(r t v) 2 ) ((r t v) 2 ) 2 7 o 1 | n , (M>B) ] ) (9.10) 

where we use the notation F. p. s= o introduced in Subsection 18. 91 

We denote by T t the derivative of T t with respect to the parameter t. Then 

i^f\nx ( MM) = r t r t (r t v) 2 | , (M£) + (r t v)|^ 1(MB) f t r t (r t v)| n , (MB)) (9.11) 

where we used that r 2 = 1 . Using (|9.11|l and the equality Tr AB = Tr BA, we obtain from (|9.1U|I that 

d 



d 



-LDet 20Q ((r t V) 2 



dt V v 1 ; \n\(M,B) 

= F. p. s=0 Tr 

Hence, 

|]T(-l) fe LDet 2eo ((r t V) 2 



f t r t ( (r t v) 2 | n , (MiE) )-; + f t r t ( (r t v) 2 | n <_ fc _ 1(MiB) )-; j . (9.12) 



k=0 



Q.\(M,E) 



2£(-i) fc F. P . s=0 Tr [r t r t ((r t v) 2 | ) 2 7j. (9.13) 



fc=0 
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Similarly, 
d d 

^E(- 1 ) fe " lLDet ^o((vr t ) 2 | Q , (Mi 



E) 



k=0 



= 2^(-i) fc - 1 F.p. s=0 Tr [r t r t ((vr t ) 



k=0 



(9.14) 



From O, we see that lj9~T51l is equal to 2^§£(t,0 o )- By ifTj^l . the left hand sides of lj?H3|) and $£TQ 
are equal. Hence ()9. 1411 is also equal to 2^£(t, Oq). We conclude that 



-£(Mo) = ^(-i) fe F. P . s=0 Tr [f t r t ((r t v 



Hence, 



k=0 



\a k AM,E) 



£(-i)*- 1 F.p. B=0 , n- [r t f t ((vr 



In* (&r,E) /2e 



2^(Mo) 



= 5Z(-i) fc F. P . s=0 Tr [f t r t ((r t v) 



In* (m,e) 



) 2 ^- r *r t ((vr t 



In* (M,E) >28 



(9.15) 



(9.16) 



fe=0 



Since r 2 = 1, we obtain f t r t + r t f * = -^T 2 = 0. Hence, (|9.1(i|) can be rewritten as 



2 ^£Mo) = ^(-l) fc F.p. s=0 Tr f t r t A fe (i) 



(9.17) 



fc=0 



where A k (t) — (r t V) 2 + (Vr t ) 2 (k=0,. . . ,d). By a slight generalization of a result of Seeley [37], which 
is discussed in 03] > the right hand side of l|9.17|l is given by a local formula, i.e., by the integral (|8.27|) 
of a differential form t , whose value at any point x £ M depends only on the values of the components 
of the metric tensor g^ and a finite number of their derivatives at x. Moreover, since the dimension 
of the manifold M is odd, the differential form (f) t vanishes identically. Hence, ^£(£,6*0) = for all 
te (t -5,t + S). □ 

9.10. Proof of Proposition |9T7] Set 



9t 



(l-t)g^ + tgf, ie [0,1] 



and let T t denote the chirality operator corresponding to the metric gf^ . The operators T t depend 
real analytically on t and we can extend their definition to all t in some connected open connected 
neighborhood U C C of [0, 1]. Hence, the operator 



B t ■= r*v 



vr, 



is well defined for all t G U and is holomorphic on U in the sense of Subsection 15.41 If we choose the 
neighborhood U to be small enough then B\ 6 Ell m ,(-3^/4 ,-7r/4)(^, E) for all t € /7. By Corollary 15. 101 
the set 

£ := 1 1 £ U : Bt is not invertible } 
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is a complex analytic subset of U. Thus U\Y, is connected. Since the metrics g^f and gf 4 are admissible, 
it follows that and 1 are in U\Y>. For 9 E (— 7r/2, 0) such that both, 9 and 9 + it, are Agmon angles for 
Bt, set 

1 d 

£M) : = 2 ^ k LDet2e 

If t € [0, 1] is such that the metric g^ 1 is admissible, then £(t,9) = £(V,g t M ,0). 
By Theorem 15. 71 a. the function 1 1— > £(t, 6*) is holomorphic on the open set 

J7e := { t E U\E : 9, 9 + it are Agmon angles for B t }. 

By lj9~9")l . if t G C/ 01 n £7 02 then £(t, 6»i) = £(t, 6» 2 ) modulo irl. Hence, we can define a multivalued analytic 
function on U\T, by the formula 

t ^ Z(t,6 t ) + ttZ, 
where 9 t e (— vr/2,0) is any angle such that £ S [/e f - 

Since the metric is admissible there exists e > such that for all real t £ [0, e] the metric gf^ is 
admissible and 9q and 9$ + tt are Agmon angles for B t . Hence, by Lemma f9. 91 the holomorphic function 
£(t, #o) is constant on [0, e]. Thus, since the set U\E is connected, our multivalued analytic function 
1 1— ► 0) is constant on U\E. □ 

9.11. Proof of Theorem 19.51 The fact that 1(9. 6|) is independent of 9 follows immediately from 13.14(1 . 
Let us prove that it is independent of g E A4(V). Suppose g^ 1 and gf 1 are admissible metrics. We shall 
use the notation introduced in Subsection 19. 101 For t E U\S, fix 9 t E (— 7r/2,0) such that there are no 
eigenvalues of B t in the solid angles £(-7r/2.e t ] and L^^Mt+n)- As t is not necessarily real, in general, B t 
is not an odd signature operator associated to a Ricmannian metric. Hence, to calculate LDct gr g t (B t ) 
we can not use Theorem 17.21 However, a verbatim repetition of the proof of this theorem shows that 

LDet grA (S t ) = £(t,0 t ) - inri(B t ), 

where £(t,9 t ) is defined by l|9.18|l . It follows now from Propositions 19 .41 and 19 . 71 that 

Det gr , eo ( B even (V, ) • /* L ^") 

= ± Det gr , Sl ( S cvcn (V, ).e«"^ J» L ^'\ (9.19) 

where 9j (j = 0, 1) is an Agmon angle for -B e ven ( V , g^ 1 ) . 
Since the function 

i -> Det gr , 9t (B even (V, 5t M )) • e*" 1 "**** 

(which is independent of 9 t ) is continuous on the connected set U\E, the sign in the right hand side of 
(19.19(1 must be positive. The theorem is proven. □ 

10. Refined Analytic Torsion in the Case dimM = 1 (mod 4) 

By Theorem 19.51 if dim M = 2r — 1 = 1 (mod 4), then Det gri g(i? 0V en) is independent of the choice of 
the Riemannian metric on M . This justifies the following 

Definition 10.1. Let M be a closed oriented manifold of dimension dimAf = 2r — 1 = 1 (mod 4). 
Suppose that there exists a Riemannian metric g M such that V E Flat'(M, g M ). The refined analytic 
torsion T(V) is defined to be the graded determinant of the odd signature operator, 

T(V) - T{M,E,W) := Vet SI>e (B even ) E C\{0}, (10.1) 



n k (M,E) 



(9.18) 
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where 9 E (— 7r, 0) is an Agmon angle for the operator B evea = B even (V, g M )- 

Remark that T(V) ^ 0. Note also that T(V) does not depend on the choice of 9 G (— tt, 0), cf. I|3.15|l . 
Further, by Corollary 18. 31 if V is a Hermitian connection then 

|T(V)| = T RS (V). (10.2) 

10.2. Example. We now calculate the refined analytic torsion in the simplest possible example, when 
M = M/27rZ is the circle and E = M x C is the trivial line bundle over M. Fix a number a G C\Z and 
define the connection V a on E by the formula 

V a : / i — ► df + iafdx, f E Q°(M, E) = 

where x S [0, 27r) is the coordinate on M. According to the formula (|6.2|) . the odd signature operator is 

Seven = Bo : f i-y —i * V a / = —if + af. 

As a G C\Z, the operator Bo : f2°(M) — > S1°(M) is invertible and its eigenvalues are given by a + n, 
n € Z. Since Re a € M\Z, the angle 9 = —ir/2 is an Agmon angle for Bo- 

The refined analytic torsion T(V Q ) = Detg(Bo) can be easily calculated using, for example, the general 
formula for determinants of elliptic operators on the circle, obtained in [Hj (see also 0Hj for an alternative 
way of calculation) . As a result we obtain the following formula for the refined analytic torsion 

T(V„) = 1 - e 2a7 " = 2(sin7ra)e i ^ 2Q - 1 >. 

Note that if a G K\Z then V a is a Hermitian connection. We conclude that, even for a Hermitian 
connection, the refined analytic torsion is a complex number, which, depending on the value of a, can 
have an arbitrary phase, aside from ±7r/2. 

11. Refined Analytic Torsion in the Case dimM = 3 (mod 4) 

If dimAf = 3 (mod 4) then Det gri 6» (Seven) depends on the Riemannian metric on M. However, 
Theorem 19.51 allows to define a refinement of the Ray-Singer torsion, which is independent of the choice 
of an (admissible) metric on M. 

Definition 11.1. Let M be a closed oriented manifold of dimension dimAf = 3(mod4). Assume that 
there exists a Riemannian metric g M on M such that V € Flat (Af, g ). Let 9 € (— tt,0) be an Agmon 
angle for B evon = B ovcn (W , g M ). Choose a smooth compact oriented manifold N whose oriented boundary 
is diffeomorphic to two disjoint copies of M . Then the refined analytic torsion T(V) is the non-vanishing 
complex number defined by the formula 

iTT^— L(p)J, (11.1) 

where L(p) — Ln(j>) is the Hirzebruch L -polynomial in the Pontrjagin forms of a Riemannian metric on 
N which is a product near d N . 

Remark 11.2. Note that the refined torsion is independent of the angle 9 £ (— tt, 0) and of the metric. 
But it does depend on the choice of the manifold N. However, from Proposition 19.41 we conclude that 
T(V) is independent of the choice of N up to multiplication by i k rankE (fc g Z). If rankS is even then 
T(V) is well defined up to a sign, and if rankS is divisible by 4, then T(V) is a well defined complex 
number. 

(Here a quantity being well defined means that it depends only on M, E and V.) 
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Remark 11.3. If M is the oriented boundary of a smooth compact oriented manifold N' , one can define 
a version of the refined analytic torsion: 

T'(V) = T'(M,E,\7 7 N') := Det gr , e (B ovon ) • exp (wr • rank£ J L(p)). (11.2) 

Note that the indeterminacy in the definition of T'(V) is smaller than the indeterminacy in the definition 
of T(V), cf. Remark 111.21 T'(V) is well defined up to a sign. If ranki? is even, then T'(V) is a well 
defined complex number. 



12. Comparison Between the Refined Analytic and the Ray-Singer Torsions 

Assume that M is a closed oriented odd-dimensional manifold and g M is a Riemannian metric on 
M. By Theorem 18.21 there exists a C°-open neighborhood U C Flat(-B) of the set of acyclic Hermitian 
connections on E, such that, for every Vet/, 

Bet STi e(B even ) | = T RS (V) • e^^^'. (12.1) 

Combining this equality with 1)7. 3JI and the definition of the refined analytic torsion we obtain 

Theorem 12.1. Assume that M is a closed oriented odd- dimensional manifold and g M is a Riemannian 
metric on M. Then there exists a C°-open neighborhood U C Flat(_E) of the set of acyclic Hermitian 
connections on E, such that U C Flat' (E,g M ) and for allV eU 

log = 7rlm V (V,g M ). (12.2) 

In this section we present a local expression for the right hand side of 1)12. 2|l . 



12.2. Dependence of the ^-invariant on the connection. Suppose that t >— > Vf, t £ [0,1], is a 
smooth path of connections in Flat' (E,g M ). We shall need the following result of Gilkey |2(J1 Th. 3.7] 9 
(see also Theorem 7.6 of []7] 10 ) 

Theorem 12.3. Letrj(V t ,g M ) e C/Z denote the reduction ofr](V t ,g M ) modulo Z. Then rj{V t , g M ) 
depends smoothly on t, cf. (201 §1]. 

1. If dimM = 3 (mod 4) then f?(Vt,(? M ) is independent of t £ [0, 1]. 

2. Suppose dim M = 1 (mod 4) . Set 

4> t := 4-V t G Q 1 (M,EndE). (12.3) 
dt 

Then 

^(V*, 5 A/ ) = f / i(p)ATr(^), (12.4) 
dt 2n J M 

where L(p) = Lm{p) is the Hirzebruch L-polynomial in the Pontrjagin forms of g M . 



Note that Gilkey considered the ^-invariant of the full odd signature operator B = B even © -B dd- Hence, our r;(V, g M ) 
is equal to one half of the invariant considered in |20| . 

10 Note, however, that Theorem 7.6 of I17| has a wrong sign. 
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12.4. Cohomology class Arg v . Following Farber, ^HJi we denote by Arg v the unique cohomology 
class Arg v G i? 1 (M, C/Z) such that for every closed curve 7 € M we have 

dct(Mon v (7)) = exp(27ri(Arg v ,[ 7 ])), (12.5) 

where Mony(7) denotes the monodromy of the flat connection V along the curve 7 and (•, •) denotes the 
natural pairing 

H X {M,C/Z) x Hi(M,Z) — > C/Z. 

Remark 12.5. The notation Arg v is motivated by the case where V is a Hermitian connection. In this 
case, Mony(7) is unitary and Arg v £ 7? 1 (M,R/Z). Therefore, the expression 27r(Arg v , [7]) is equal to 
the phase of the complex number det(Mony(7)). 

Lemma 12.6. Assume that Vt (t e [0, 1]) is a smooth path of connections. Then, using the notation 
introduced in Theorem, 1 1 2. ffl 2. we have 

2™^Arg Vf = -[To/h] G H\M,C), (12.6) 

where [ Tr i/> t ] denotes the cohomology class of the closed differential form Tr ^> t . 

Proof. Let S* 1 be the standard circle and let x S [0, 27r) be the coordinate on S 1 . Let 7 : S 1 — > M be a 
closed curve. Fix a trivialization of the bundle 7*i? — > S 1 . Let -At(x) denote the (periodically extended 
to K) connection form on <y*E induced by Vt- Then, for each t £ [0, 1], the monodromy Monv t (7) along 
7 is given by the matrix <j> t (27r) where $t(x) is the matrix function solving the following initial value 
problem 

|-$ t (x) + A t (x)* t {x) = 0, xel; 
$ t (0) = Id. 

Let <l>t (x) and A t (x) denote the derivative with respect to t of the matrices $ t (x) and A t (x) respectively. 
We are interested in computing 

27ri - ( Arg Vt , [7] ) = ^ logdet $ t (2^) = -| Trlog $ t (27r) = Tr <S> t (2n) $ t (2 7 r)- 1 . (12.8) 

Note that, though log is a multivalued function the derivatives Jj logdet ${(27r) and Trlog <& t (27r) 
are unambiguously defined complex numbers. 
From (|12.7|) . we obtain 

£$t(z) + A t (x)$ t (x) + A t (x)$ t (x) =0. (12.9) 
ox 



Hence, 



d_ 

dx 



$ t (x)J ^(x)- 1 = -i t (x) - A t (x)$ t (x)$ t (x)- 1 . (12.10) 



On the other side, 



Tr A ($ t (x)$ t (x)- 1 ) = Tr (^$ t (x))$ t (x)- 1 - Tr $ t (x) ^(x)" 1 ( |- $ t (x) ) ^(x)" 1 

= Tr (^$ t (x))$ t (x)- 1 + Tr^(x)$ t (x)$ t (x)-\ (12.11) 
where in the last equality we used l|12.7fl . 
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Combining H12.11|) with H12.10jl and using (|12.3|) we get 

|- Tr $ t (x) ^(x)- 1 - - Tr A t (x) = - Tr 7*^(1). (12.12) 

Here 7*^4 denotes the pull-back of the differential form ipt under the map 7 : S 1 — > M. 
From (|12.8jl and l|12.12jl we obtain 

^ 2™(Arg Vt , [7]) = 1 ( log det $ t (2^) - log det $4(0) ) = - J Tr A t (z) dx = -< [Tr [7] ). 



□ 



From Lemma Tl 2 .61 and l|12.4fl we obtain 



^(V t ,5 M ) - ([L(p)]ui-[Tr^],[M]) = ( [L(p)} U | Arg Vt , [M] >, (12.13) 

where U denotes the cup-product in cohomology. 

Assume that V4 (t S [0, 1]) is a smooth path of acyclic connections and that the connection Vo is 
Hermitian. By Remark 1 12. 51 ImArg Vo = and, thus, (|12.tj|) leads to 

/ Ti (He t/h)dt] = 27rImArg Vt e H\M,R). (12.14) 

12.7. Comparison with the Ray-Singer torsion. Let U C Flat' (E,g M ) be as in Theorem 112.11 
Denote by U' C U the set of flat connections satisfying the following condition: for every V G U' there 
exists a smooth path f ^ V t E U, t € [0,1], of connections such that Vo is Hermitian, and Vi = V. 
Then U' C F\a,t'(E, g M ) is an open neighborhood of the set of acyclic Hermitian connections. 

Theorem 12.8. Let M be a closed oriented odd- dimensional manifold and let g M be a Riemannian 
metric on M . Suppose V € U'. Then, with L(p) — Lm(p) denoting the Hirzebruch L -polynomial in the 
Pontrjagin forms of a Riemannian metric on M , 

log = 7r([L(p)]UlmArg v ,[M]>. (12.15) 

In the case dim M = 3 (mod 4) 

|T(V)| = T RS (V). (12.16) 

Remark 12.9. 1. The advantage of Theorem ll2.8l over Theorem ll2.1l is that the right hand side of (|12.15() 
is given by a local formula. Hence, it might be possible to effectively compute it in some examples. 

2. When dimM = 3 (mod 4) the right hand side of l|12.15|) vanishes since L(p) has no component of 
degree dimM — 1 and, hence, [£(p)] U Im Arg v does not have a component of degree dim M. 

Proof. Let V4 € U' (0 < t < 1) be a smooth path of connections such that Vo is a Hermitian connection 
and Vi = V. Then, by Theorem [TO 

log |S5rj = t Im r?(V t , g M ), for every t € [0, 1]. (12.17) 

As the number rj(Wt,g M ) is defined modulo integers, its imaginary part is a well defined real number 
and 

imrj(V4,3 M ) = Im77(V4,ff M )- 
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Since the connection Vo is Hermitian, Im7y(Vo, g ) = 0. Hence, from Theorem ll2.3l l we conclude that 
Im 7y(V,.9 M ) = if dim M = 3 (mod 4). From Theorem lT2~3l 2 and 112. 14|) we see that 

Im7?(V,.g M ) = !-[([ L(jp) A Tr(Re ip t ) "j dt = ( [L(p)} U Im Arg v , [M] }, 
Z7r Jo v Jm ' 

if dim M = 1 (mod 4). Theorem HTHl follows now from l|12.17|) . □ 

13. Graded Determinant as a Holomorphic Function of a Representation of iti(M) 

In this section we show, first, that the graded determinant Det gri g (-B e ven ( V, g M )) of the odd signature 
operator is, in an appropriate sense, a holomorphic function of the connection V. Then we change the 
point of view and consider the graded determinant as a function of the representation of the fundamental 
group ni(M) of M. More precisely, each representation a of 7Ti(M) induces a flat vector bundle (E a ,\7 a ) 
over M and we denote by B a — £>(V Q ,.g M ) the corresponding odd signature operator. The space 
Rep(7Ti(M), C") of all complex rt-dimensional representations of tti(M) has a natural structure of a 
complex algebraic variety. We show that Det grj 6)(-£>a, e ven) is a well defined holomorphic function on an 
open subset of this variety. Throughout the section we assume that the dimension of M is odd. 

13.1. Graded determinant as a holomorphic function. Let M be a closed oriented manifold of 
odd dimension d = 2r — 1 and let E — > M be a flat vector bundle over M. Every (not necessar- 
ily flat) connection on E can be viewed as a first order differential operator on il'(M, E). Thus the 
space C(E) of all connections on E is an affine subspace of the space Diff i(M, A'T*M ® E) of first or- 
der differential operators on the complex vector bundle A'T*M <£> E — > M and, hence, inherits from 
Diff i (M, A'T*M E) the structure of a Frechet space. See Subsection 15.31 for the definition of the 
Frechet topology on Diff i (A/, AT* A/ <g> E). 

Fix a Riemannian metric g M on M. Recall that we denote by Flat' (£7, g M ) the set of flat connections 
Von£ such that the pair (V, g M ) satisfies Assumption I and II of Subsection l6.5l By Ij3.15|l . the graded 
determinant Det grj e (B even (V , g M )) is independent of the choice of the Agmon angle 9 e (— n, 0). Thus 
one obtains a function 

Det gr : Flat'(£,. 9 M ) — > C\{0}, Det gr : V ^ Det gr , e ( 5 even (V, g M ) ) , (13.1) 

where 9 is any Agmon angle of B(V, g M ) in the interval (— w, 0). Recall that the notion of a holomorphic 
curve has been introduced in Subsection 15. II 

Proposition 13.2. Suppose E is a vector bundle over a closed oriented odd- dimensional Riemannian 
manifold (M,g 1 ). Let O C C be an open set and let 7 : O — » Fl&t'(E,g M ) be a holomorphic curve in 
Flat'(_B, g M ). Then the function A 1— > Det gr (-B e ven(7(A),g M )) ; is holomorphic on O. 

In fact, we will need a slightly more general statement. Thus we will, first, generalize Proposition 1 1 3 . 21 
and, then, prove this more general version. 

13.3. Extension of the graded determinant to connections which are not flat. Recall from 
Theorem 17^1 that, for every connection V G Flat'(£, g M ), 

Det gr , e (£? evBn (V, 5 M )) = e «v, s -, e ). e -^(v jS «) ) {U2) 

where 9 6 (— 7r/2, 0) is any an Agmon angle for S(V,g M ) such that there are no eigenvalues of the 
operator £>(V ,g M ) in the solid angles L(_ 7r /2,e] and £( w /2,e+7r]- 
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Let V G Flat'(M, 5 M ). Then B(V ,<? M ) is invertible. Formula H6.2|l defines the odd signature 
operator B(W, g M ) for an arbitrary, not necessarily flat, connection. We wish to extend the notion of the 
graded determinant to operators B(\7,g M ) with V in some open neighborhood of Flat' (£7, g AI ) in C(E). 

The same arguments as in the proof of Proposition [(Dl show that there exists a C°-neighborhood U of 
Vo in the space C(E) of all connections such that B(V, g M ) is invertible for all VeW. As in Lemma 1(01 
the leading symbol of B(V, g M ) is symmetric and, hence, £>(V, g M ) admits an Agmon angle for B(V, g M ) 
such that there are no eigenvalues of the operator £>(V, g M ) in the solid angles £(-772,0], £(7r/2,0+7rl- Thus 
we can use formula g2J) to define r,{V,g M ) = r,(B cvcn (V, g M )) for all V G U. Similarly we can use 
the expression l|8.7[) for £ to define £(V,g M ,6*) to all V G U. We now use (|13.2I) as the definition of 
Det gr , e ( B 

even 

Proposition 13.4. Suppose E is a complex vector bundle over a closed oriented odd- dimensional Rie- 
mannian manifold (M,g M ) and let U C C(E) be the C°-open set defined above. Let O C C be an 
open set and let 7 : O — > U be a holomorphic curve in C(E) such that there exists Ao G O with 
7(Ao) G Flat'(£, g M ). Then the function A 1— » Det gl ..g (_B cvon (7(A), g M )) is holomorphic in a neighborhood 
of Xq. Here 8 G (— 7r/2, 0) is any Agmon angle for B even ('y(X), g M ) such that there are no eigenvalues of 
the operator B even ( r y(X),g M ) in the solid angles Lr^i^m an d £(7172,0+71-]- 

Proof. Fix an Agmon angle 8 G (— tt/2, 0) for B even ('y(Xo), g M ) such that there are no eigenvalues of the 
operator £? even (7(Ao), g M ) in the solid angles £(-772,0] an d £(772,0+71-] ■ Then, for all A in a small neighbor- 
hood of Ao, 8 is also an Agmon angle for Z? eV en(7(A), g M ) and there are no eigenvalues of -B e ven(7(A), g M ) 
in the solid angles L(_ 7r /2,e] and L^ /2>e+n ]. 
By Corollary 15. 91 the function 

O — y C, A e -2 l7r r,( 7 (A), 9 M ) 

is holomorphic on O. Similarly, Theorem 15. 71 a and the expression (|8.7() for ^ imply that the function 
A h- > e 2 ^ 1 ^' 9 ' 0S> also is holomorphic on O. Hence, 

F(X) := Det gI , e (B cvcn ( 7 (A), 3 M )) 2 = e^^' ^ ■ e -^WA), 9 M ) 
is a non- vanishing holomorphic function on O. 

Since F(X) is a continuous function of A and F(Xq) 7^ 0, we can find a neighborhood O' C O of Ao 
such that for all A G C we have 

|F(A)-F(A )| < ^\F(X )\. 

Then Det gri e ( i? ove n(A, g M ) ) coincides on O' with one of the two analytic square roots of F'(A). □ 

Remark 13.5. The above arguments show a very close relationship between e^ V ' 9 and e~™ v ( V ' 9 \ 
Each of these numbers by itself depends on the choice of the Agmon angle 8. But their product is a well 
defined holomorphic function. This relationship plays a very important role in the whole paper since it 
explains many features of the refined analytic torsion. 

13.6. Space of representations of the fundamental group. Let M be a closed oriented manifold of 
odd dimension d = 2r — 1, where r > 1. Denote by M the universal cover of M and by tti(M) the funda- 
mental group of M, viewed as the group of deck transformations of M — > M. The set Rep(7Ti(M), C") 
of all n-dimensional complex representations of tti(M) has a natural structure of a complex algebraic 
variety. Indeed, -K\{M) is a finitely presented group, i.e., it is generated by a finite number of elements 
71, . . . ,7i, which satisfy finitely many relations. Hence, a representation a G Rep(7Ti(Af), C n ) is given 
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by 1L invertible n x n-matrices a(7i), . . . , a(7i), a(7 1 " 1 ), . . . , a(7^ 1 ) with complex coefficients satisfying 
finitely many polynomial equations. In other words, a representation a is given by a point of the direct 
product Mat nX n(C) 2i of 2L copies of the space Mat„ xn of n x n-matrices with complex coefficients. 

In the sequel, we fix generators 71, ... ,7l of ni(M) and view Rep(7Ti(M),C n ) as an algebraic subset 
of Mat nx „(C) 2i with the induced topology. For a S Rep(-7n(M), C n ), we denote by 

E a := M x a C n — >M 

the flat vector bundle induced by a. Let V a be the flat connection on E a induced from the trivial 
connection on M x C". We will also denote by V a the induced differential 

V Q : f2* (M, E a ) — >fl' +1 (M,E a ), 

where Q,'(M, E a ) denotes the space of smooth differential forms of M with values in E a . 

For each connected component 11 C C Rep(7Ti(M), C n ) of the space of representations all the bundles 
E a are isomorphic, see e.g. [22] . 

Let Repo(7Ti(M), C") c Rep(7Ti(M), C") denote the (possibly empty) set of all representations a € 
Rep(7i"i(M), C n ) such that the connection V a is acyclic. A representation a S Rep(7Ti(Af), C") is called 
unitary if there exists a Hermitian scalar product (•, •) on C" which is preserved by the matrices 0(7) 
for all 7 S 7Ti(M). The scalar product (•, •) induces a flat Hermitian metric h Ea on the bundle E a . We 
denote the set of unitary representations by Rep 11 (7Ti (M) , C"). One might think of 

Rep u (7n(M),C") C Rep(7n(Af), C n ) 

as the real locus of the complex algebraic variety Rep(7Ti(M), C"). Set 

Rep£(7ri(M),C™) := Rep"(7Ti(M), C") n RepoMM), C"). 

13.7. Graded determinant of the odd signature operator as a function on the space of rep- 
resentations. Fix a Riemannian metric g M on M. Let 

B a := B(V a ,g M ): Q'(M, E a ) — » Q m (M,E a ) 

and let i? Q! ovcn denote the restriction of B a to f2 even (M, E a ). 

Suppose that for some representation cto € Repo(7Ti(M), C") the operator B ao is invertible (in other 
words, we assume that (V ao ,g M ) satisfies Assumption I and II of Subsection 16. 5|) . Then there exists an 
open neighborhood (in classical topology) V C Rep(7Ti(M), C n ) of the set of acyclic unitary representa- 
tions such that, for all a e V the pair (V Q ,g M ) satisfies Assumption I and II of Subsection 16.51 Thus, 
for all a € V, the graded determinant Det gri e(_B Q , iCven ) is defined, where 8 S (— 7r, 0) is an Agmon angle 
for B a . 

Theorem 13.8. Let M be a closed oriented odd- dimensional manifold and let g M be a Riemannian metric 
on M. Let O C C be a connected open set and let 7 : O — > Repo(7Ti(-M), C") be a holomorphic curve. 
Assume that for Xq £ O the connection V 7 (^ ) on -E 7 (a ) ~^ M satisfies Assumption II of Subsection W?\ 
(with respect to the given metric g M ). Then the function 

A h-> Det gr , e (B lW>eveil ) (13.3) 

is holomorphic in a neighborhood of Xq . 



In this paper we always consider the classical (not the Zariski) topology on the complex analytic space Rep(7ri(M), C"). 
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Proof. First, we need to introduce some additional notations. Let E be a vector bundle over M and let 
V be a (not necessarily flat) connection on E. Fix a base point £ M and let E Xt denote the fiber of 
E over a;*. We will identify E Xt with C™ and tti(M,x„) with tti(M). 

For a closed path : [0, 1] — ► M with 0(0) = 0(1) = x», we denote by Mon v (0) € End E x , ~ 
Mat nx „(C) the monodromy of V along 0, cf. 112. 7jl . Note that, if V is flat then Monv(0) depends only 
on the class [0] of in tvi(M). Hence, if V is flat, then the map i— > Mony(0) defines an element of 
Rep(-7ri(M), C"), called the monodromy representation of V. 

Suppose now that O C C is a connected open set. Let 7 : O — > Rep (71-1 (Af ) , C") be a holomorphic 
curve. By Proposition 4.5 of [22], all the bundles £< 7 (a); A <G 0, are isomorphic to each other. In other 
words, there exists a vector bundle E — > M and a family of flat connections Va, A G O, on J5, such that 
the monodromy representation of Va is isomorphic to 7(A) for all A £ O. Moreover, the family Va can 
be chosen to be real differentiable, i.e., such that for every A £ O there exist Ui,u)2 £ f2 (M, End E) with 

V M = V A + Re(/i-A)-wi + Im(/i - A) • uj 2 + o(fi-X), (13.4) 

where o(fx — A) is understood in the sense of the Frechet topology on C(E) introduced in Subsection ll3.ll 
By Lcmma lB.6l there exist a smooth form uj £ Q 1 (M, End E) with Va^ = and a family G{y) £ End E 
(fi £ O) of gauge transformations such that G(A) = Id and 

V A + (/x-A)w = G{ji) ■ V M • G(fi)- 1 + o(fx-X). 

Note that the connection Va + {fx ~ A) ui is not necessarily flat. 

From the definition of the the odd signature operator it then follows that 

S(Va + (m-A) w , 3 m ) = GM-BiV^g^-GQ*)- 1 + o(fx-X), (13.5) 

where o(/i — A) is understood in the sense of the Frechet topology introduced in Subsection l5.3l 

Suppose now that A is close enough to Ao so that the connection V 7 (a) satisfies Assumption II of 
Subsection l6.5l (with respect to the metric g M )- Recall that in Subsection ll3.3l we extended the definition 
of the graded determinant of B even (\7,g M ) to the case when the connection V is not necessarily flat. 
Thus 

Det gI , ( £ ovcn (V A + (ji - A) w, g M ) ) 

is defined for all /j, £ C close enough to A. 
By Proposition 1 1 3 . 41 the map 

fi 1 ^ Det grj9 (B cvc „(Va + (ji- X)uj,g M )) 

is holomorphic near A. Hence, there exists a number a £ C such that 

Bet g ^g(B cvcn (V x + (p-X)u,g M )) = Det gr , „ ( S cvon (V A , g M ) ) + a-(fX-X) + o(fi-X). (13.6) 

On the other side, (|13.5|l implies that 

Det gr , 9 ( B cvcn (V A + (fi - X) uj, g M ) ) = Det gr , e ( G(p) ■ B even (V„, g M ) ■ G^i)- 1 ) + o(p- A) 

= Det gr , e (5 cvon (V M , 5 M )) + o(fi-X). 

Combining lflTB|l with (|lX7l) we obtain 

Det gr , e ( S cvcn (V M , g M ) ) = Det gr , 9 ( B ovcn (V A , g M ) ) + a ■ (/i - A) + o(fi — X). 
Since the above equality holds for all A close enough to Aq the theorem is proven. □ 
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Corollary 13.9. Let M be a closed oriented odd- dimensional manifold. Let V C Rcp(7ri(M), C n ) be 
an open set such that for every a £ V there exists a Riemannian metric g M such that the connection 
V Q e Flat' (E ai g M ) (cf. Subsection\?H[) . A ssume, further, that all the points of V are regular points of 
the complex algebraic set Rep(7i"i(.M), C"). Then the map 

Det : V — > C, Det : a i-> Det(a) := Det gr , e (B QiOVCn ). (13.8) 

is holomorphic. Here 6 € (— 7T, 0) is an Agmon angle for £? QjCven . 

Proof. By Haxtogs' theorem (cf., for example, |251 Th. 2.2.8]), a function on a smooth algebraic variety 
is holomorphic if its restriction to each holomorphic curve is holomorphic. Hence, the corollary follows 
immediately from Theorem 113.81 □ 

Remark 13.10. In Section lHI below we mostly view the graded determinant of the odd signature operator 
as a function on the space of representations rather than as a function on the space of flat connections. 
As Rep(7Ti(M), C") is a finite dimensional algebraic variety, we can use the methods of complex analysis 
of holomorphic functions on finite dimensional varieties. 

By the definition of the refined analytic torsion, cf. Definitions 110.11 and 111.11 Theorem 113.81 and 
Corollary 113.91 imply now the following 

Corollary 13.11. Let M be a closed oriented odd- dimensional manifold. 

1. Let O C C be an open set and let 7 : O — ► Rcpo(7Ti(M), C n ) be a holomorphic curve. Assume that 
for Xq £ O there exists a Riemannian metric g M so that the connection V 7 (a ) satisfies Assumption II 
of Subsection 1 6. .51 Then the function 

A ^T(V 7(A) ) (13.9) 

is holomorphic in a neighborhood of \$ . 

2. Let V C Repo(7Ti(M), C n ) denote the open set of all representations a such that for some Rie- 
mannian metric q on M the connection V Q € Y\aX'(E ai g M ). Let £ C Rep(7r 1 (M), C") denote the set 
of singular points of the complex algebraic variety Rep(7Ti(M), C"). Then a 1— * T(V Q ) is a holomorphic 
function on V\S. 

14. Comparison with Turaev's Refinement of the Combinatorial Torsion 

In |401 14 lj . Turaev introduced a refinement T™ mb (e, 0) of the combinatorial torsion associated to the 
representation a of ni(M). This refinement depends on an additional combinatorial data, denoted by e 
and called the Euler structure as well as on the cohomological orientation of M, i.e. on the orientation of 
the determinant line of the cohomology H* (M, R) of M. There are two versions of the Turaev torsion - the 
homological and the cohomological one. In this paper it is more convenient for us to use the cohomological 
Turaev torsion as it is defined in Section 9.2 of [T^]- For a € Repo(7Ti(M), C ra ) the cohomological Turaev 
torsion T™ mb (e, 0) is a non-vanishing complex number. If, moreover, a £ Repp (ni(M), C n ) the absolute 
value of the Turaev torsion is equal to the Reidemeister torsion. 12 One can view Theorem l8.2l as an analytic 
analogue of this result, where the role of the Reidemeister torsion is played by the Ray-Singer torsion. 
Another property of the Turaev torsion is that it is a holomorphic function of a € Repo(7i"i(M), C n ). In 
Corollarv ll3.11l we established the same property for the refined analytic torsion. 

Though, in general, the refined analytic torsion T a — T(V Q ) and the Turaev torsion T™ mb (e, 0) are 
not equal they are very closely related. In this section we establish this relationship. As an application 

12 Here the Reidemeister torsion is understood as the positive real number defined, for example, in Definition 1.1 of 1331 . 
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we strengthen and generalize a theorem of Farber about the relationship between the Turaev torsion 
and the ^-invariant. 

14.1. Notation. Let M be a closed oriented odd-dimensional manifold. In this section we view the 
rehned analytic torsion as a function of a representation of tti(M). Let V C Repo(7Ti(M), C n ) be an open 
set consisting of representations a such that V Q € Flat' (E,g M ). Let V C V be the open subset of V 
such that, for all a £ V , the connection V Q belongs to the open set U' defined in Subsection 112.71 For 
every a e V we set T a := T(V Q ), T RS := T RS (V tt ), Va := ?7(V Q ,<? M ), etc. 

14.2. Comparison between the Turaev and the Ray-Singer Torsion. Theorem 10.2 of es- 
tablishes a relationship between the Turaev and the Ray-Singer torsions for real representations a. The 
following result is an immediate extension of this theorem to complex representations. 

Theorem 14.3. Suppose M is a closed oriented odd- dimensional manifold. Let c(e) £ Hi(M, Z) denote 
the characteristic class of the Euler structure e, cf. jlTj or Section 5.2 of |19| . Then, for every a £ 
Repo(7n(M),C"), 

I j. comb,' \| 

log ' " R g = -7rflmArg n ,c( g )), (14.1) 

where the cohomology class Arg Q := Arg Va £ _ff 1 (M, C/Z) is defined in Subsection \12.4j o,nd (•,•) 
denotes the natural pairing 

H X {M,C/Z) x ffi(M,Z) — ► C/Z. 
In particular, if a £ RepQ (7Ti(M), C") i/ien 

|T^ omb (e,o)| = T RS . (14.2) 

Note that, though (Arg Q ,c(e)) is defined only modulo Z, its imaginary part Im(Arg a , c(e)) is a well 
defined complex number. 

Proof. Let a R denote the representation a considered as a real representation. Then, for every closed 
curve 7 in M, we have 

l 1 2 

detMon a R( 7 ) = det Mon Q (7) . 

Define Arg Q E £ H X (M,M/Z) by 

det Mon QK (7) = exp ( 27ri(Arg Q n, [7])) . 

Then, from (|12.5|) . we obtain 

exp (27ri(Arg QK , [7])) = exp ( 2m{2i Im Arg Q , [7])) . 

Hence, 

(Arg QE ,[ 7 ]) = 2zIm(Arg Q ,[ 7 ]) mod Z. (14.3) 
Let T^g mb (e, 0) and T^p denote the Turaev and the Ray-Singer torsions associated to the representation 
a R . Then 

|T™ mb (e,o)| 2 = ^r b (e,o), (T RS ) 2 = T RS . (14.4) 
By formula (10.3) of we have 



( TaR T Rs' - ) = | cx P( 27r *( Ar ga^c(e))) 



Combining this equality with l|14.3|l and (|14.4|) . we obtain (|14.1|) . 

If a is unitary then ImArg Q = and (|14.2I) follows. □ 
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e -27ri(Arg Q ,c(e)+Li 



a e V. 



14.4. Comparison between the Turaev and the refined analytic torsions. To simplify the no- 
tation let us denote by L(p) £ H,(M,1) the Poincare dual of the cohomology class [£(p)]. Let L\ £ 
£/i(M, Z) denote the component of L(p) in Hi(M,Z). Then 

([L(p)]UArg aJ [Af]) = (Arg^Li) e C/Z. 

Recall that the neighborhood V of Repg (7Ti(M), C") was defined in Subsection ll4.ll If a £ V then 
by Theorems Upl and (flTT|l 

^T^o) = ^wM^l = 7 r(ln 1 Ar gQ)C ( £ ) + L 1 >. (14.5) 

Let £ denote the set of singular points of the complex analytic set Rep(7Ti(M), C"). By Corollarv ll3.11l 
the refined analytic torsion T a is a non- vanishing holomorphic function of a € V\E. By the very con- 
struction 0UJ^2^] the Turaev torsion is a non- vanishing holomorphic function of a £ Repo(7Ti(M), C" ). 
Hence, 

T a 

T= omb (e,o) 

is a holomorphic function on V'\£. 

By construction of the cohomology class Arg a , for every homology class z £ Hi (M, Z) , the expression 
e 27"(Ar gc ,, 2 ) is a holomorphic function on Rep( 7 r 1 (Af), C"). 

Now the expression (|14.5|l can be rewritten as 

T 2 

£q 

T™ mb (e,o) 2 

If the absolute values of two non- vanishing holomorphic functions are equal on a connected open set then 
the functions must be equal up to a factor <f> £ C with \<f>\ = 1. Hence, on each connected component 
C C V'\£, there exists a constant <f>c(£, o) £ K, depending on e and o, so that 

( — p -i<t>c(e,o)\ _ -27ri(Arg ct ,c(e)+L 1 ) p n C\A(i) 

v Tr b (M) / _ 1 j 

Note that the constants <fic(£, o) are defined up to an additive multiple of n. Since T a , T™ mb (e, o), and 
e -27ri(Arg cv ,c(£)+Li) d e p enc i continuously on a £ V' , we can choose these constants so that 

<j>d(e,o) = 0c 2 (e, o) 

whenever C\ and Ci are contained in the same connected component of V . Thus (|14.(jf) remains valid if 
C is a connected component of V . 

Let now C be a connected component of V' . (|14.6(1 implies that on C the function a i— > e~ 2m ( A - TS °" c ^ +Ll 
admits a square root 

cA /e-2"<Arg«,, C ( e )+£i> = Tcom ^ a e -^( g ,.) > (14 . 7) 

which is a holomorphic function on each connected component of C\£. 

Thus we have proven the following extension of the Cheeger-Miiller theorem about the equality between 
the Reidemeister and the Ray-Singer torsions. 

Theorem 14.5. Suppose M is a closed oriented odd dimensional manifold. Let e be an Euler structure 
on M and let o be a cohomological orientation of M . Let V' C Repo(7Ti(M), C") be as in Subsection \14-l\ 
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Then, for each connected component C of V , there exists a constant 4>c — 4>c(£,o) € K, depending on 
e and o, such that 



y/ e -27ri(Arg Q ,c( £ )+L 1 ) j 



T™ mb (e, 0) 

where cy J~ is the analytic square root defined in 114. 7JI . 

Remark 14.6. 1. In general, the number iri (Arg Q , c{e)~\-L\) is defined only modulo iri. However, in some 
interesting examples it is denned modulo 2ni. Suppose that the homology class c(e) + L\ e Hi(M, Z) is 
divisible by 2, i.e., there exists an integer homology class z 6 H\{M, Z) such that 

2z = + c(e). (14.9) 

Then 

iri (Arg Q ,c(e) + L x ) = 27ri(Arg Q ,z) 
is defined modulo 2iti. In this situation we can rewrite (|14.8(l as 

T 

" -!7r(Arg Q ,c(e)+Li) 



■ = e »0c . e -«r<Arg B ,c^+^i>. (14.10) 

T™ mb (e, o) v 7 

2. It would be very interesting to calculate the constant </>c(£j o). In particular, it would be interesting 
to know whether it actually depends on the connected component C of V. Another interesting question 
is for which representations a one can find an Euler structure e and the cohomological orientation o such 
that T a = T™ mb (e, o). 

The following simplest case of Theorem II 4 . 51 is still very interesting. 

Corollary 14.7. Under the assumptions of Theorem \14-5\ suppose that c(e) = 0. 

(i) //dim M = 3 (mod 4), then the ratio T a /T^ omh (e, o) is locally constant on V . 

(ii) 7/dimM = 1 (mod 4 J and L\ € Hi(M, Z) is divisible by 2 (i.e., there exists a homology class 
z € Hi(M, Z) sttc/i t/iai 2z = L\), then 



e - l7r ([i(p)]UArg ctJ [M]) 



T£ omb (e, o) 
is locally constant on V . 

Remark 14.8. The condition c(e) = holds for the Euler structure e which is used in the definition of the 
absolute torsion introduced by Farber and Turaev |18l I19j . Further, L\ is divisible by 2 if, for example, 
the Stiefel- Whitney class Wd-i(M) £ H d ^ 1 (M,Z 2 ) vanishes and Hi(M) has no 2-torsion, cf. §3.1 of 

14.9. Phase of the Turaev torsion of a unitary representation. As an application of our study of 
the refined analytic torsion we obtain a result about the phase of the Turaev torsion which improves and 
generalizes a theorem of Farber [16 , cf. Rcmark ll4.13l b elow . 

We denote the phase of a complex number z by Ph(z) G [0, 2n) so that z = \z\e tPh ( z \ 
Suppose a € RepQ(7Ti(M), C") is a unitary representation. Then the number £ Q = £(V Q , g M ,0), 
defined in (|7.2|) . is real (in fact, in this case, £ Q coincides with logT^ s , cf. (|8.3ll ). Moreover, the ij- 
invariant r) a is real, cf. Subsection 14.81 Thus, l|7.3(l and the definition of the refined analytic torsion 
(Definition II 1.1|) imply 

ra n k ry F 

Ph(T Q ) = -Tn] a + 7T / L(p) mod27rZ, (14.11) 

2 Jn 
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where N is an oriented manifold whose oriented boundary is the disjoint union of two copies of M . The 
second term on the right hand side of (|14. 1 1|) vanishes if dim M = 1 (mod 4). 
Combining l|14.11|) with Theorem 1 1 4 . 51 we obtain the following 

Theorem 14.10. Under the assumptions of Theorem \1 4 -5\ suppose that a±, a 2 S Rep^ (ir± (M), C") are 
unitary representations which lie in the same connected component of V . In particular, they have the 
same rank. Then, modulo 7r Z, 

Ph(T- mb ( £ , o)) + tt Vai - tt ( Arg ai , c{e) + L t ) 

ee Ph(T™ mb (e,o))+^ ?7Q2 -^(Arg Q2 , c (e) + £ 1 ). (14.12) 

//, moreover, the condition (|14.9|l is satisfied, then <|14.12fl holds modulo 2nZ. 

14.11. Sign of the absolute torsion. Suppose that the Stiefel- Whitney class 

U7d-i(M) e H d -\M,Z 2 ) 

vanishes (this is always the case when dimM = 3 (mod 4), cf. [SOI)- Then one can choose an Euler 
structure e such that c(e) = 0, cf. §3.2]. Assume, in addition, that the first Stiefel- Whitney class 
wi(Ea), viewed as a homomorphism f/i(M, Z) — > Z2, vanishes on the 2-torsion subgroup of Hi(M, Z). 
In this case there is also a canonical choice of the cohomological orientation 0, cf. |18l §3.3]. Then the 
Turaev torsion T^ omb (e, 0) corresponding to any e with c(e) = and the canonically chosen will be the 
same. 

If the above assumptions on Wd-i(M) and wi{E a ) are satisfied, then the number 

T abs ;= T comb (£;0) G Cj (c(£) = Q)) 

is canonically defined, i.e., is independent of any choices. It was introduced by Farber and Turaev, |18j. 
who called it the absolute torsion. If a G Repp (tti(M), C"), then T^ bs S R, cf. Theorem 3.8 of [TBI and > 
hence, 

e4 Ph(T-) = sign(T ab S) _ 

From Corollarv ll4.7l Remark 114.81 and Theorem 1 1 4 . 1 01 we now obtain the following 

Theorem 14.12. Under the assumptions of Theorem \14-5\ suppose that a\, cti G Repg (7Ti(M), C") are 
unitary representations which lie in the same connected component of V . 

(i) Let dimM = 3 (mod 4). Assume that the first Stiefel- Whitney class w\{E ai ) — w\{E a2 ) van- 
ishes on the 2-torsion subgroup of i?i(M, Z) . Then 

sign(T Q abs )-e^ 1 = sign(T Q abs )-e^. 

(ii) Let dimAf = 1 (mod 4). Assume that Wd-i{M) = and the group H\{M, Z) has no 2-torsion. 
Then 

sign(T abs ) • e '' 7r (''°i^<[- L (p)] uAr s»i^ Jl/ ]>) = sign(T abs ) • e 47r ( ^2-([ L (p)] uAr So 2 ) _ 

Remark 14.13. For the special case when there is a real analytic path a t of unitary representations 
connecting ol\ and a 2 such that the twisted deRham complex H6.4J1 is acyclic for all but finitely many 
values of t, Theorem 114.121 was established by Farber, using a completely different method, 13 see |16| . 
Theorems 2.1 and 3.1. 



Note that Farber's definition of the ^-invariant differs from ours by a factor of 2 and also that the sign in front of 
([L(p)] U Arg ai , [M]) is wrong in [T5|. 
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Appendix A. Determinant of an Operator with the Spectrum Symmetric about the 

Real Axis 

In this appendix we show that for a wide and important class of differential operators, including the 
self-adjoint ones, formula (|4.3() represents LDetg(Z?) as a sum of its real and imaginary parts. 

Definition A.l. The spectrum of D is symmetric with respect to the real axis if the following condition 
holds: if X is an eigenvalue of D, then A also is an eigenvalue of D and has the same algebraic multiplicity 
as A. 

Note that every operator with real coefficients has this property. See pQ for examples of other interesting 
operators with symmetric spectrum. 14 

Theorem A. 2. Let D : C°°(M,E) — > C°° (M, E) be an injective elliptic differential operator of order m 
with self-adjoint leading symbol, whose spectrum is symmetric about the real axis. Let 9 G (— 7r/2,0) be 
an Agmon angle for D. Then the numbers C2#(0, D 2 ), i](D), and Det2g(-D 2 ) = e~^ e ^' D ' are real. In 
particular, the following analogue of (|4.14l) and (|4.15l) holds: 

Vcte(D) = (-l) m - ■ ^/\Bet 2e (D 2 )\ • e^O^-fr"^)) , (A.l) 

where m_ = rankP_ is the number of the eigenvalues of D (counted with their algebraic multiplicities) 
on the negative part of the imaginary axis, cf. Subsection \4-l\ 

Corollary A. 3. If, in addition to the assumptions of Theorem \A.£\ D is self-adjoint, then to_ = and 
Det2e(-D 2 ) is real and positive. Hence, as expected, formulas 14.14JI and l|4.15|l hold. 

Proof of Corollarv \A.3l If D is self-adjoint, the spectrum of D lies on the real line. Hence, in particular, 
m_ = 0. It follows from (|4~l"U|) together with (|A.2|) and (|A.4jl below that Im (C 20 (O, D 2 )) = 0. Hence, 
Det 2e (X> 2 ) > 0. □ 

Remark A. 4. It is interesting to compare l|A.l(l with Theorem 3.2 of 1 . Suppose that the spectrum 
of D is also symmetric about the imaginary axis. Then rj(D) = 0. If, in addition, dimAf is odd, then 
C2e(0, D 2 ) — 0, cf. Remark |4.7l c. Hence, (jA. 1|) imply that, in this case, Detg(D) is real and its sign is 
equal to (— 1) TO ~ . Theorem 3.2 of £Q states that this is true without the assumption that the spectrum of 
D is symmetric about the real axis 15 (i.e., for every invertible elliptic operator with self-adjoint leading 
symbol, whose spectrum is symmetric about the imaginary axis). 

Proof of Theorem \A.H\ In view of Ij3.14|) , it is enough to consider the case when is sufficiently close to 
— 7r/2 so that there are no eigenvalues of D in the solid angles Lr_„/2 t $] and £*(7r/2,0+7r] i which we will 
henceforth assume. By <|4.1U|1 . (|4.11|) . and (|4.13|) it suffices to show that the numbers 

C (O, &+,£>) ± ( e (0,IL_,-D) 

= (Ce(0,II + ,£>) ± C0(O,n_,-D)) + (Ce(0,P+,D) ± ( e (0,P_,-D)) 



14 A11 the operators considered in have spectrum symmetric about the imaginary axis. However, the spectrum of 
the operator considered in Section 5 of is also symmetric about the real axis. Further, the spectrum of the operator 
Ti ■ D m n, discussed at the end of Section 6.8 of 0, is symmetric about the real axes. 

■^In [3 the spectral cut was taken in the upper half-plane. Consequently, m_ is replaced their by m+ . 
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are real and that the imaginary part of the number 

C e (0,n+,D) + C£(0,ft-,-£>) 

= (C e (0,U + ,D) + C£(0,n_,-D)) + (C e (0,P+,D) + C e (Q,P_,-D)) 

is equal to — 7rm_. 

Since the projections P± have finite rank, one has 

Ce(Q, P±,±D) = rankP±. 

Thus these numbers are real. 

Because the spectrum of D is symmetric about the real axis, rankP + = rankP_. As, for every r > 
one has 

-| s=o(ir)e = -bgr - 

we conclude that 

ImC£(0,P + ,£>) = lmCg(0,P-,-D) = ~ rankP_. 

Hence, 

Im (Ce(0,P+,L>) + Ce(0,P-,-P)) = -tt rankP_ G ttZ. (A.2) 
It remains to show that 

C (o,n±,±p), Ce(o,n±,±p) e r. 

We will show that the numbers £g(0,n + ,P/) and Cg(0,n + ,P) are real. The fact that the other two 
numbers are real as well follows then by replacing D with —D. 
Let 

Xj > o, je/icN 

be all the positive real eigenvalues of D and let 

be all the eigenvalues of D which lie in the solid angle £(0,^/2) • Let nij denote the algebraic multiplicity 
of Xj, cf. Subsection 13. 91 Since the spectrum of D is symmetric about the real axis, 

are all the eigenvalues of D in the solid angle i-(_^/2,o) an d 
(g(s,U + ,D) = X V + X] m i p J S ( e ~ isaj + eis<% ) 

E._, \ - _ dimM 
nij Xj + ^ y, m j Pj cosysotj), Res> . 

jeii jeh 

Hence, 

Ce(5,n+,P) - ( e (s,n+,D), Res >^^£. (A.3) 

TO 

Since both sides of ljA.31) are holomorphic functions of s, the equality l|A.3|) holds for all regular points 
of £e(s,II+, D). In particular, C,g(s,Tl+,D) is real for all real regular points. Hence, (g(Q,H + , D) e R. 
Since ljA.31) implies 

CS^.n+.D) = Cg(s,U+,D), (A.4) 
we conclude that the number £g(0, II+, £)) is also real. □ 
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Appendix B. Families of flat connections 

In this appendix we review some of the results of |22| and reformulate them in a form convenient for 
our purposes. These results are used in Section l*Hfl 

B.l. Connections flat modulo lower order terms. First, we introduce some definitions from 22 , 
but we formulate them in a slightly different form which is more convenient for our purposes. 

Let k[t] = k[t±, . . . , t r ) denote the polynomial ring in r variables over a field k. Let m C k[t] denote 
the unique maximal ideal of k[t] (the augmentation ideal), i.e., the ideal generated by ti,...,t r . Let 
A m = k[t]/m ,n+1 . We denote by G m = GL(n, A m ) the group of matrices with entries in A m . 

Let M be a manifold and let E be a complex vector bundle over M, Suppose V is a flat connection 
on E. Let 

v(t) =v+ u °< ta > tGkr > ( BA ) 

0<\a\<m 

be a family of connections. Here a G (Z>) r is a multi-index, \a\ =«!+••• + a r , t a = t" 1 ^ 2 ■ ■ -i" r , 
and uj a are smooth 1-forms with values in End E. We say that the family V(i) is flat modulo t m+1 if 
V(t) 2 G m" l+1 . 

Fix a base point X* £ M . Given a continuous path (f> : [0, 1] — > M, (f)(0) = (f)(1) — x*, for any t G k r , 
we denote by Mony (*)(</>) the monodromy of V(i) along (f>, cf. 1)12. 7|l . If the family V(t) is flat modulo 
i m+1 then, for any pathes & : [0, 1] -> M, ^(0) = <^(1) = x* (i = 1, 2), 

Mon V ( t )(^i) = Mon v(t) (0 2 ) mod m m+1 . 

Hence, we have a well defined representation 

Mon v(t) :7n(M,ag — -» G m . (B.2) 

One says that two families of connections Vi(f) and V2(£), which are flat modulo t m+1 are A m -gauge 
equivalent if there exists a family of gauge transformations 

0(f) = flo + ( B - 3 ) 

0<|a|<m 

where each g a is a gauge transformation of E, such that 

V 2 (t) = fl(t) • Vi(t) • (i) _1 mod m m+1 . 

B.2. Relationship between families of connections and families of representations of the fun- 
damental group in G m . Proposition 6.3 of [22] states that there is a one-to-one correspondence between 
the j4 m -gauge equivalence classes of connections V(t) and the isomorphism classes of representations j(t) 
of tti(M) in G m given by the monodromy representation l|B.2fl . In other words, we have the following 

Lemma B.3. (i) For every family of representations j(t) : m(M, a;*) — > G m> there exists a flat modulo 
t m+ family of connections V(f) such that 

Mon v(t) = l(t) modm m+1 . (B.4) 

(ii) Every two connections Vi(£) and V2(i) which are of the form <|B.lll . are /Zai modulo t m+1 , and 
satisfy l|B.4|) are A m -gauge equivalent, i.e., there exists a family of gauge transformations (|B.3Jl smc/j that 

V 2 (t) = fl(t) • Vi(t) ■ fl(i)- 1 mod m m+1 . (B.5) 

Moreover, if Vi(0) = V 2 (0) then one can choose g(t) = go + J2o<\a\<m floi" so that Qq = Id. 
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B.4. The case when k = C or R. Suppose now that k = C or R and r G Z>i. Let O C fc r be an open 
set and let V M (// G 0) be a family of connections such that for some A G O we have 

V p = V A + ]T co Q ( M -A) Q + o(|/i-A| ro ), m gO, (B.6) 

0<|a|<m 

where o(|/i— A| m ) is understood in the sense of the Frechet topology on C(E) introduced in Subsection ll3.ll 
Denote t = fi— A and set 

V(t) = V A + ^ ^ Q ^. (B.7) 

0< \at\ <m 

Then V M = V(/x - A) + o(|/i - A| m ). Hence, for every closed path : [0, 1] -> M, 0(0) = 0(1) = we 
have 

Mon V(1 (0) = Monv (p -A)(0) + o(\fi-X\ m ), (B.8) 
where o(|/i — A| m ) is understood in the sense of the Frechet topology introduced in Subscction l5.3l If the 
family V(t) is flat modulo t m+1 , we will view Mony M as a map 7Ti(M, a;*) — *■ G m by identifying it with 

Mon v (M -A)- 

B.5. Application to real differentiable families of flat connections. Let O C C be an open 
set. A family V M (/i G O) of flat connections on E is called real differentiable at A G O if there exist 
uji,u 2 G ft 1 (M, End £) with 

V p = V A + Re(/i - A) • w a + Im(/i-A)-w 2 + o(/i - A). (B.9) 

(Again, o(/x— A) is understood in the sense of the Frechet topology on C(E) introduced in Subsection ll3.ll ) 

Lemma B.6. Let A G C and let O C C be an open neighborhood of X in C. Suppose that V p (fx G O) is 
a family of flat connections which is real differentiable at X, cf. <|B.9ll . Assume that the map 

O -► Rcp(7r 1 (Af),C"), n h-> Mony^ 

is a holomorphic curve in Rep (tti (M), C"). TTien </ie following statements hold: 

(i) There exists a smooth form u> G Q 1 (M, End E) such that V A w = and 

Mon VA+(Al _ A)(i) (0) = Mon v „(0) + o(/x — A), (B.10) 

/or every closed path : [0, 1] — * M, 0(0) = 0(1) = a;*. 

(ii) There exists a family of gauge transformations G(p) G End E (fi G O) such that G(X) — Id and 

V A + {jm-X)w = G(^-V^G^)- 1 + oO-A). (B.ll) 

Proof. To prove part (i) of the lemma we apply Lemma IB. 31 with k = C, t = t\ (i.e., r = 1), m = 1, and 
t = jj, — X. Since — > Mony^ is a holomorphic curve, its Taylor expansion at A up to first order, j(t), 
defines a map O G\. Then 

Mon v , +to = l{t) + o(t). (B.12) 
By Lcmma rB.3f i). there exists a flat modulo t 2 family of connections V(t) = V(0) + tui such that 

Mony (t) ee 7(t) mod i 2 . (B.13) 

Since Mon^^ = 7(0) there exists a gauge transformation g G End B such that its restriction to the fiber 
of E over the base point x* is the identity map and 

V A = fl^-VfOj-fl. 
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Then lo := q 1 ui q is a smooth End E- valued 1-form and (|B.f 3j) takes the form 

Monv A+tw = l{t) mod t 2 (B.14) 



which together with (|B.f 2() implies (|B. lOfl . Note that Va + tu) is a flat modulo t 2 connection and, hence, 
V A ^ = 0. 

For part (ii) let us set k = K, t = (tijia) (i.e., r = 2), and m = 1. Denote £x := Rc(/i — A), <2 := 
Im(/x — A). Then, by the assumption of real differentiability, V^ is of the form 

Va + t\U)\ + t 2 oJ2 = V p + o(/x— A). 

Note that both, Va + ii^i + £2^2 and Va + (*i + it2)u>, are flat modulo t 2 connections which, by 
(|B.f 21) . induce the same monodromy representation j(t) : m(M,x*) — > G\. Hence, (|B.f 11 follows from 
Lemma lB.3f ii). □ 
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